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7x9F8:G68:LIOPWCO[¥:Q�´ Ï+=�9FE�\X=AW�OP¥:Q��_E�LY=�\P8�LIURN"8�ZRE�\(8A9FZRE�Q�ZRE ��ECQ�H�9IE�;3URQ2WCOP8AQRECL¡ZRE

N
E�Q

R
≥0 E�L

9FE�ÉDE�ÎsO�?A=#S�HF9�=AQRLIO[HFO[?K=2^
®YE�N"8:L¤H�9F=AWCO[¥:Q�´ �¶E�ÉRE�ÎsO[?5OPZR=AZ�´RW�8:N"8

∀n ∈ N, f(n) ≤ f(n)
H�9IO[?5OX=K\PN�ECQ�H�EKB¢HF8:N"=AQRZR8

c = 1H�E�QRECN�8:L
f(n) ∈ O(f(n))

^
F(9�=AQRLIO[HFO[?5OPZD=KZ�´¢�sEC=AQ

c1, c2 ∈ R
+ HJ=A\[ECL¯ ¢URE ∀∞n ∈ N, f(n) ≤ c1g(n)

S
∀∞n ∈ N, g(n) ≤

c2h(n)
^(Ïl8:LuQD=KHFUR9�=A\[ECLz ¢URE�L�=KHFOPLI;>=KWCECQ¦=AN��R=ALuZRECLIOPV:UR=A\PZD=KZRECLzLFO[V:URE�Q LIOPE�QRZR8�H�85ZR8:LzL�=A\�?:8�=

\P8#LIURN�8"URQ�Q�HRN�EC9I8��DQ2O[H�82^D748:9<\[8#HJ=AQ�H�82B
∀∞n ∈ N, f(n) ≤ c1g(n) ≤ (c1c2)h(n)

^
¾ 8:9I8:\X=A9IOP8R´

g(n) ∈ O(h(n))
LIOPO

O(g(n)) ⊆ O(h(n))
^

®YE�N"8:L¤H�9F=AWCO[¥:Q�´ wx\ �_LI¥:\P8#LIO �YLFE�WCURN�GR\[EuG/8:9
HF9�=AQ2LFO[HFO[?5OPZR=AZ�B¢S�EC\ �³LFO �YG68:9¶9FE�ÉRE�ÎsO[?5OPZR=AZ�^
¾ 8:9I8:\X=A9IOP8R´

f(n) ∈ O(g(n)) ∧ g(n) ∈ O(f(n))
LFO[O

O(f(n)) = O(g(n))
^

���RLFE�9I?K=A9¶ ¢URE�ECLIHF8{QR8�LFO[V:QRO��DW@=# ¢URE�\X=#9FE�\X=AW�OP¥:Q �³ECL¡=�\[8�LFURN�8"Z2EC\l8:9IZRECQ�ZRE �zLIE@="=AQ�H�OPLIO��
N���H�9IOPWC=2B2ZRE � E�W � 8{Q28�\[8�ECLC^DÓ�Q�H�OPLIOPN�E�HF9F£X=�ZREC�6EC9I£X=#ECL¤HJ=A�R\[ECW�EC9¶ ¢URE

f = g
^

¾ 8:9I8:\X=A9IOP8R´ 7v=K9�=�H�85ZR8
a, b ∈ R

+ H�=A\PE�L< ¢URE a, b 6= 1
B
O(loga n) = O(logb n)

^
®YE�N"8:L¤H�9F=AWCO[¥:Q�´ 7v=A9F=�HF8sZR8

n ∈ N
+ B loga n = loga b logb n

^sÏlURECV:82B
loga b

E�L�\X=�WC8:Q2LIHJ=KQ¢HFE
 ¢URE�GR9FURE��D=� 5U2E

loga n ∈ O(logb n)
^6�sO[N"O[\X=A9IN"E�Q¢HFE�LIE�G29FURE��D=� ¢URE

logb n ∈ O(loga n)
^

wxLIHF8yZRE�N�URECL¤H�9F=¦ ¢URE�ECQªE�LIH�E�WC8AQ¢HFE�Î5H�8y\X=«�D=ALIE�ZRE�\�\[8:V�=A9IO[HFN"8¬E�L"O[9F9IEC\PE�?K=AQ�H�E�S¨GRURE�ZRE
OPVAQR8:9�=K9FLFEK^

� f �xr¢j �4f6r ��� tum�
+f
Ï+={LFO[V:URO[ECQ�H�E�9IECV:\P={ECL H2H�O[\4GD=K9�=�ZRE�N"8:L¤H�9F=A9YW�UD­AQRZR8�U2QD={;3URQRW�OP¥:Q¬E�LuZRE�URQ«W�OPE�9IH�8{8:9FZRE�Q�BeS
WCUR­AQRZR8�QR8�\P8�ECL�^
7x9F8:G68:LIOPWCO[¥:Q Ð��¶ECVA\X=�ZRE�Ïl£PN�O[HFE%Ò�´

∀f, g ∈ N → R
≥0 BDLIO ĺımn→∞

f(n)
g(n)

E±Î2O[LIHFE�\[8:L<LFO[V:URO[ECQ�H�E�L
ECQ¢URQ2WCOX=KZR8:L¶LFE�WCURN�GR\[ECQ�´
¿ ^

ĺım
n→∞

f(n)

g(n)
∈ R

+ ⇒ O(f(n)) = O(g(n))
^

Æ ^
ĺım

n→∞

f(n)

g(n)
= 0 ⇒ O(f(n)) ⊂ O(g(n))

^

Ás^
ĺım

n→∞

f(n)

g(n)
= +∞ ⇒ O(g(n)) ⊂ O(f(n))

^
���RLFE�9I?K=A9¶ ¢UREzECQ�\P8:L<Z28:L HR\[HFOPN�8:L�WC=ALF8:L�BM\X=�OPQ2WC\PU2LFOP¥AQ�ECL¶ECL¤H�9FO[W�H�=2^
®YE�N"8:L¤H�9F=AWCO[¥:Q�´
¿ ^§ÓY\[W@=AQ2µ@=�WC8AQ�W�8:N�GR9F8:�R=A9� ¢URE

O(f(n)) ⊆ O(g(n))
B2ZD=KZR8� 5U2EuLFO

ĺımn→∞
f(n)
g(n)

= l ∈

R
+ E�Q¢HF8:QRW�ECL ĺımn→∞

g(n)
f(n)

= 1
l
∈ R

+ ^��¯E@=AN�8:L¶ECQ�HF8:QRWCE�LY ¢URE f(n) ∈ O(g(n))
^6�sEC=

δ ∈ R+ BRLFEzH�O[ECQREu ¢URE ∀∞n ∈ N.f(n)
g(n)

− l < δ
BR\[URECVA8

f(n) < (δ + l)g(n)
^

Æ ^Àwx\T9F=AµC8AQD=AN�OPECQ�HF8�=AQ�HFEC9FO[8:9�;3U2QRWCO[8:QD=�O[QRWC\[URLF8�LFO
l = 0

^ F(ECQRE�N"8AL�GRURE�L
O(f(n)) ⊆

O(g(n))
^��¯E@=KN"8:L< ¢UREzE�LIHJ=�OPQ2WC\PU2LFOP¥AQ�ECL¡ECLIHF9FO[W�HJ=�?AEC9FO��DW@=KQRZR8� 5U2E

g(n) 6∈ O(f(n))
^

�sO
g(n) ∈ O(f(n))

B�ECQ�H�8AQRWCE�LxGD=A9�=¡URQD=�W�8:QRLIH�=AQ�H�E
c ∈ R

+, ∀∞n ∈ N, g(n) ≤ cf(n)
^

wxQ�H�8:QRW�ECL
HFECQRZR9I£X=AN�8:L f(n)
g(n)

≥ 1
c

B5WC8AQ�\P8�W�UD=A\
ĺımn→∞

f(n)
g(n)

QR8�G68sZ29F£X=zLFE�9
N�ECQR8:9T ¢URE
1
c

^DÏlURE�V:8
O(f(n)) ⊂ O(g(n))

^
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Ás^ ¾ 8:N�8
ĺımn→∞

f(n)
g(n)

= +∞
O[N"GR\[OPWC=� ¢URE

ĺımn→∞
g(n)
f(n)

= 0
B2?K=A\PEuG68:9�Ð Æ Ò�^

¾ 8:9I8:\X=A9IOP8R´
¿ ^

x < y ⇒ O(nx) ⊂ O(ny)
B

Æ ^
x ∈ R

+ ⇒ O(log n) ⊂ O(nx)
B

Ás^
x ∈ R

≤0 ⇒ O(nx) ⊂ O(log n)
B

Ê2^
c > 1 ⇒ O(nx) ⊂ O(cn)

^
Ä5^

0 ≤ c < 1 ⇒ O(cn) ⊂ O(nx)
^

� ^
c > d ≥ 0 ⇒ O(dn) ⊂ O(cn)

^
� ^

d ≥ 0 ⇒ O(dn) ⊂ O(n!)
^

Ïl8:LzOPQRW�OPLI8:L�Á�S¦Ä�LF8AQyZRE�G68sW�8�O[Q¢HFEC9I�CLzS�=� 5U2E{QR8�ECL�ECLIG/E�9�=A�R\[E#H�ECQ2EC9�GR9F8:VA9�=AN"=ALuWCUsS:8
Q�HRN�EC9F8�ZRE¶WC8AN"GD=K9�=AW�OP8:QRE�LxZRECW�9FE�WCE�=�N�ECZRO[ZD=� ¢URE

n
W�9FE�WCEA^s�sE¶E�Q5U2QRWCOP=AQ"GR=A9�=zGR9F8AG/8:9IWCO[8:QD=A9

URQD= ?5OPLIOP¥:Q URQ G/85WC8¨N"­AL�WC8:N�GR\PE�HJ= ZREÑ\X=�²IE�9�=A9I 5U2£X= ZREÑ;3URQRWCO[8:QRE�L�Z2E�H�E�9FN�OPQD=KZD=©G68:9�\P=
QR8AH�=AWCO[¥:Q

O
^

®YE�N"8:L¤H�9F=AWCO[¥:Q�´
¿ ^

ĺımn→∞
nx

ny = ĺımn→∞
1

ny−x = 0
^

Æ ^ ¾ 8:N�8
ĺımn→∞ log n = +∞ = ĺımn→∞ nx BpG68:9#\X= �¶ECVA\X=¬ZRE�Ï ����� GRO�HJ=A\�HFECQRE�N"8AL

ĺımn→∞
log n
nx = ĺımn→∞

1

n

xnx−1 = ĺımn→∞
1

xnx = 0
^

Ás^
ĺımn→∞

log n
n0 = ĺımn→∞

log n
1

= ĺımn→∞ log n = +∞
^4ÏlURE�V:8RB

O(n0) ⊂ O(log n)
^

7v=K9�=�H�85ZR8
x ∈ R

− B O(nx) ⊂ O(n0) ⊂ O(log n)
^

Ê2^À®YE�N"8:L¤H�9F=A9FE�N"8:LTG/8A9TO[QRZRURW�WCOP¥AQ� ¢URE�GD=A9F=�H�85ZR8
k ∈ N

B
ĺımn→∞

nk

cn = 0
^27v=A9F=

k = 0\X=¡GR9FU2EC�D=uECL4H�9FO�?5OX=A\¸^�Ó�LFURN�OPN�8:L(WC8:N�8 � O[G/¥KH�ECLIOPL4OPQRZRU2W�H�O�?K=Y ¢URE
ĺımn→∞

nk

cn = 0
^:7(8:9

\X= �¶ECV:\P=<ZRE
Ï
����� GRO�HJ=A\¸B ĺımn→∞

nk+1

cn = ĺımn→∞
(k+1)nk

cn loge c
= k+1

loge c
ĺımn→∞

nk

cn = 0
^�7(8:9

\P8�HJ=AQ�HF8RB2GD=K9�=�H�85ZR8
k ∈ N

B
O(nk) ⊂ O(cn)

^R�sE@=
x ∈ R

^D�sEC=
k ∈ N

H�=A\e ¢URE
x ≤ k

^
�sEz8:�2HFOPE�QRE

O(nx) ⊆ O(nk) ⊂ O(cn)
^

Ä5^È�sO[N"O[\X=A9Õ=A\+=AQ�HFEC9FO[8:9CB2ZRECN�8:LIHF9�=AQ2ZR8� 5U2E�GR=A9�=#H�85ZR8
k ∈ N

B
ĺımn→∞

nk

cn = +∞
^

� ^È�sO[V:UREuZRE
ĺımn→∞

cn

dn = ĺımn→∞ ( c
d
)n = +∞

BR ¢UREz?K=A\PEuGRU2ECL c
d

> 1
^

� ^È�sEC=
c > d

^+74=A9�=�HF8sZR8
n ≥ 2c2 LFE�GRURE�ZRE#?:E�9� ¢URE n! ≥ n(n − 1) . . . (n − bn

2
b) ≥

dn
2
ed

n
2
e ≥ c2dn

2
e
≥ cn ^/748:9�\P8"H�=AQ�H�8RB cn ∈ O(n!)

 5U2E�OPN�GR\PO[W@=
O(cn) ⊆ O(n!)

^�7(8:9
EC\eOPQRW�OPLF8�=AQ�HFEC9FO[8:9CBsH�ECQ2ECN�8:L

O(dn) ⊂ O(n!)
^

7x9F8:G68:LIOPWCO[¥:Q�´
g(n) ∈ O(f(n)) ⇒ O(f(n) + g(n)) = O(f(n))

^
®YE�N"8:L¤H�9F=AWCO[¥:Q�´ 7v=K9�=

c ∈ R
+ B ∀∞n ∈ N.g(n) ≤ cf(n)

^�ÏlURECV:82B
f(n)+g(n) ≤ (1+c)f(n)

^
7x9F8:G68:LIOPWCO[¥:Q�´

∀f, g ∈ N → R
≥0 B¶LFO ĺımn→∞

g(n)
f(n)

= 0
ECQ�HF8:QRWCE�L�GD=K9�= H�85ZR8

d ∈ R
B

O(f(n) + dg(n)) = O(f(n))
^

®YE�N"8:L¤H�9F=AWCO[¥:Q�´
ĺımn→∞

f(n)+dg(n)
f(n)

= ĺımn→∞(f(n)
f(n)

+ dg(n)
f(n)

) = ĺımn→∞(1 + d g(n)
f(n)

) = 1 +

d ĺımn→∞
g(n)
f(n)

= 1 + d ∗ 0 = 1¾ 8:9I8:\X=A9IOP8R´
O(akn

k + . . . + a1n + a0) = O(nk)
BDLFO

ak 6= 0
^

®YE�N"8:L¤H�9F=AWCO[¥:Q�´ °¡L�=AQRZ28"\P=�GR9F8:G68:LIOPWCO[¥:Q�=AQ�H�E�9FO[8:9
S� ¢URE
ĺımn→∞

ak−1nk−1+...+a1n+a0

aknk = 0
^

7x9F8:G68:LIOPWCO[¥:Q�´
O(f(n) + g(n)) = O(máx(f(n), g(n)))

^
®YE�N"8:L¤H�9F=AWCO[¥:Q�´  ­AWCO[\AGRURE�L

f(n)+g(n) ≤ 2 máx(f(n), g(n))
S

máx(f(n), g(n)) ≤ f(n)+
g(n)
^
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®YE��DQROPW�OP¥:Qe´ �sO

O(t(n)) = O(1)
B
t
LIE�ZRO[WCE �:�6|4��}%�D|/}%� ^/�sO

O(t(n)) = O(log n)
B
t
LIE�Z2OPWCE

�3�6�M�R~ �-}g� �>�:� ^M�sO
O(t(n)) = O(n)

B
t
LFE�ZROPW�E �>�¸|+�¢�D� ^/�sO

O(t(n)) = O(n2)
B
t
LFE�Z2OPWCE ���(���

�+~�·s}g�¸�:� ^6�sO
O(t(n)) = O(n3)

B
t
LIE�Z2OPWCE � � �v�>�:� ^6�sO

O(t(n)) = O(nk)
GR=A9�=�=A\PV�HRQ

k ∈ N
B

t
LFEuZRO[WCE »x�6�>�¸|+�6� �>�R� ^s�sO

O(t(n)) = O(cn)
BsGD=A9F=#=A\PV�H2Q

c > 1
B
t
LFEuZRO[WCE � �l»x�6|+�s|(���3�D� ^D�sO

t(n)
E±Î2G29FECLF=�\P=YE��RWCOPE�QRWCOP=�ZRE<URQ�=A\[V:8:9IO[H�N�8RB%��LIH�E<LIE<ZROPW�EABK9FECLIG/E�W�HFO[?K=AN�ECQ�H�EKB:WC8:Q2LIHJ=KQ¢HFEAB:\[8:V�=��

9F£�H�O[N"O[WC8RBg\PO[QRE@=K\ B�WCUD=AZ29�­KHFOPWC82B:W HR�2OPWC82B�G/8:\[OPQR8AN"OP=A\ B@E±ÎsG/8:Q2ECQRW�OX=A\¸^¢�sO
t(n)
E�ÎsGR9IECL�=�\X=�E��DWCO[ECQRW�OX=

ZRE�\l=A\PVA8:9FO�H�N�8�N"­AL
E��DWCO[ECQ�H�EuG68:LIOP�R\[EYGD=A9F=�9FE�LF8:\�?:EC9<U2Q�ZRE�HFEC9FN�OPQR=AZR8�GR9I8:�R\[ECN"=2B5H�=AN��RO[�CQ�LIE
� =A�2\X=�ZRE�GR9F8A�R\PE�N{=�W�8:QRLIH�=AQ�H�EKBD\P8:V�=K9F£[HFN"O[WC8RB¢\[OPQREC=A\ B5WCUD=KZR9�­KHFOPW�8RBRG68:\PO[QR8:N�OX=A\¸B:E�ÎsG68:QRECQ2WCOX=K\ ^

���D}%�R���>�6| ���6�y»4�>�5�y�5|/}@�R~��>��½ Ï+=�QR8KHJ=AW�OP¥:Q
O
E�LIH�­�ZRE�LIHFOPQD=AZR=�E�LFG6ECWCOP=A\PN�ECQ�HFEz=�E�LIH�=A�R\PE±�

WCE�9¯WC8AH�=AL¯LFURG6EC9IOP8:9IECL¯=u\X=uE��RWCOPE�QRWCOP=uZRE¶URQ�GR9F8:VA9�=AN"=2BAE�L¯ZRECW�OP9CB�GR=A9�=z=K�D9IN{=K9p ¢URE¶URQD=zWCOPE�9IH�=
;3URQRW�OP¥:Q¦=�\X=�\X=A9IV�=�WC9IECWCE"=�\[8�LFURN�8�=K\x9FO[HFN"8�Z2E"8AHF9�=2^�F4=AN��2OP�CQ LFU2EC\PE�LFE�9 HsH�OP\vECLIH�=A�R\[ECWCE�9
WC8KHJ=ALzOPQs;3EC9FO[8:9FE�LCB�GR=A9�=�E�ÎsGR9IECL�=K9� ¢URE�URQD=�WCO[EC9IH�=�;3U2QRWCO[¥:Q =�\P=�\P=A9FV:=�WC9FE�WCE »x�M~Ñ�>���¦�s|+�6�
=A\�9IO[HFN"8�Z2Eu8AH�9F=2^��$W�8:N"8�=AQ¢URQ2WCOX=KN"8:L�ECQ�\X=�GD­KV:OPQD= � BsHJ=KN��ROP��Q�GR9FE�H�E�QRZRECN�8:L¶ZRE��DQROP9<U2QD=
QR8AH�=AWCO[¥:Q� ¢URE�E�ÎsGR9FE�LFE# ¢URE�URQD={W�OPEC9¤HJ=";3U2QRWCO[¥:Q¬={\P=�\P=A9FV:=�W�9FECW�E�=A\+N"O[LFN�8"9IO[HFN"8� ¢URE�8AHF9�=2B
ECL¶ZRE�WCO[9CBD ¢UREzURQD=�WCO[EC9IH�=#WC8AH�=�E�L¡=g²IURLIH�=AZD=2^
®YE��DQROPW�OP¥:Qe´ ®�=AZD=

f : N → R
≥0 BDLIE�Z2E��DQRE�EC\lW�8:Q�²IURQ�HF8

Ω(f(n)) = {t : N → R
≥0|∃d ∈ R

+.∀∞n ∈ N.t(n) ≥ df(n)}.ÓYLI£ B
t(n) ∈ Ω(f(n))

Z2OPWCEz ¢URE�=#\X=#\X=A9IV�=
t(n)
WC9IECWCE�WC8AN"8#N�£PQRO[N"8�=A\�9FO�H�N�8#ZRE

f(n)
^6�5E

GRURE�ZRE�WC8:N�GR9F8A�D=A9
O[QRN"E�ZROX=�HJ=AN�ECQ�H�EY 5U2E
g(n) ∈ Ω(f(n))

LIOPO
f(n) ∈ O(g(n))

^
®YE��DQROPW�OP¥:Qe´ ®�=AZD=

f : N → R
≥0 BDLIE�Z2E��DQRE�EC\lW�8:Q�²IURQ�HF8RB Θ(f(n)) = O(f(n))

⋂

Ω(f(n))
^

ÓYLI£ B
t(n) ∈ Θ(f(n))

Z2OPWCEz ¢URE�=#\X=#\X=K9FV�=
t(n)
W�9FECW�E�=K\lN"O[LFN�8�9FO�H�N�8� ¢URE

f(n)
^

7x9F8:G68:LIOPWCO[¥:Q�´
¿ ^

f(n) ∈ Ω(g(n))
LIOPO

g(n) ∈ O(f(n))
LIOPO

O(g(n)) ⊆ O(f(n))
LFO[O

Ω(f(n)) ⊆ Ω(g(n))Æ ^
f(n) ∈ Θ(g(n))

LFO[O
g(n) ∈ Θ(f(n))

LIOPO
O(f(n)) = O(g(n))

LFOPO
Ω(f(n)) = Ω(g(n))

��»x�¢~g�D���3�/|+�5����� �(~g�¨�>�Ì|+�M}@�D���>�6|
O
½ wvÎ5H�E�QRZRECN�8:L�8:G6EC9�=KZR8:9FE�LzECQ�H�9IE�;3U2QRWCO[8:QRECL"Ð3WC8:N�8

\X="LFURN"=2BeG29F85ZRURW�HF8RB�E�H�WA^aÒYWC8AN"8�8AG/E�9�=AZR8A9FECLuE�Q�H�9FE#W�8:Q�²IURQ�HF8:LuZRE�;3URQRW�OP8:Q2ECLC^l�sO
X
E

Y
LI8:Q

WC8AQ�²IURQ�H�8:L¶ZREu;3URQ2WCOP8AQRECL¶ZRE
N → R

≥0 S � URQ�8:G6EC9F=AZR8:9<E�Q¢HF9FEz;3URQRW�OP8:QRE�LCBRLIE�Z2E��DQRE

X � Y = {h : N → R
≥0|∃f ∈ X, g ∈ Y, ∀n ∈ N.h(n) = f(n) � g(n)}

Ï+=AL�LFO[V:UROPE�Q�H�ECL#8AG/E�9�=AW�OP8:QRE�LCBxLI8:QÌ\P=AL# ¢URE�G/E�9FN�O[H�E�Q¨U2H�O[\POPµC=A9�\P=«QR8AHJ=KWCOP¥AQ
O
WCUD=KQRZR8 LFE

W@=K\PWCU2\X=Y\P=YWC8:N�GR\[E_²IOPZR=AZ�ZRE<URQ#G29F8:V:9F=AN"=2^AÏ+=�LIURN{=�W�8:9F9IECLIG/8:Q2ZRE¡=�LFECW�URECQ2WCOX=zZRE
;39F=AV:N�ECQ�H�8:L
ZREzGR9I8:V:9�=KN{=AL�^RÏ+=�N�UR\[HFOPGR\[OPWC=AWCO[¥:Q"W�8:9F9IECLIG/8:Q2ZRE�=#\P=�O[H�E�9�=AW�OP¥:Qe^
7x9F8:G68:LIOPWCO[¥:Q�´

O(f(n)) + O(g(n)) = O(f(n) + g(n))
^

®YE�N"8:L¤H�9F=AWCO[¥:Q�´
⊆
Ò¶�sE@=

h(n) ∈ O(f(n)) + O(g(n))
B2ECL¡ZRECW�OP9CB

h(n) = f ′(n) + g′(n)
W�8:Q

f ′(n) ≤ c1f(n)
S

g′(n) ≤ c2g(n)
GD=A9F=«W@=ALIO¶HF8sZ28

n ∈ N
^¯wx\PO[V:OPE�QRZR8

c ≥ c1, c2

Bx ¢URE�ZD=
h(n) ≤ c(f(n) + g(n))

B�ECLzZRE�WCOP9�B
h(n) ∈ O(f(n) + g(n))

Be8�LIE@=2B
O(f(n)) + O(g(n)) ⊆

O(f(n) + g(n))
^

⊇
Ò<�sE@=KQ

f ′ S g′ H�=A\PE�L< ¢URE f ′(n) = f(n)
S

g′(n) = 0
LFO

f(n) ≥ g(n)
BRECQ�W@=KLF8�WC8:Q�H�9F=A9FO[8RB

f ′(n) = 0
S

g′(n) = g(n)
^ ¾ \P=A9�=KN"E�Q¢HFE

f ′(n) ∈ O(f(n))
S

g′(n) ∈ O(g(n))
^4wxQ�H�8AQRWCE�L

máx(f(n), g(n)) = f ′(n) + g′(n) ∈ O(f(n)) + O(g(n))
^¯wxL{ZRE�WCO[9CB

O(f(n) + g(n)) =
O(máx(f(n), g(n))) ⊆ O(f(n)) + O(g(n))

^
7x9F8:G68:LIOPWCO[¥:Q�´

O(f(n)) ∗ O(g(n)) = O(f(n) ∗ g(n))
^
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®YE�N"8:L¤H�9F=AWCO[¥:Q�´
⊆
Ò��5E@=

h(n) ∈ O(f(n)) ∗ O(g(n))
BDECL�ZRECW�OP9�B

h(n) = h1(n) ∗ h2(n)
W�8:Q

h1(n) ∈ O(f(n))
S

h2(n) ∈ O(g(n))
^MwxQ�H�8:Q2WCECL

h(n) = h1(n) ∗ h2(n) ≤ cf(n) ∗ dg(n) =
cd ∗ f(n) ∗ g(n)

GD=A9�=#WC=ALFO�HF8sZR8
n ∈ N

^DwxL¡ZRECW�OP9CB
O(f(n)) ∗ O(g(n)) ⊆ O(f(n) ∗ g(n))

^
⊇
Ò#�sE@=

h(n) ∈ O(f(n) ∗ g(n))
BvS

c
HJ=K\
 ¢URE

h(n) ≤ c ∗ f(n) ∗ g(n)
GD=A9F=ÑWC=ALFO
HF8sZ28

n ∈ N
^5�sE@=

f ′(n) = 0
LFO

g(n) = 0
S

f ′(n) = h(n)/g(n)
E�Q{W@=KLF8�W�8:Q�H�9F=A9FO[8R^ ¾ 8:N�8

g(n) = 0OPN�GR\[OPW@=
h(n) = 0

B
h(n) = f ′(n) ∗ g(n)

GD=A9F=�H�85ZR8
n ∈ N

^/Ó<ZRE�N{­KLCB
f ′(n) = 0 ≤ cf(n)

8
f ′(n) = h(n)/g(n) ≤ cf(n)

B�E�LuZRECW�OP9CB
f ′(n) ∈ O(f(n))

^�F(ECQ2ECN�8:LzECQ�H�8:Q2WCECLz ¢URE
h(n) =

f ′(n) ∗ g(n) ∈ O(f(n)) ∗ O(g(n))
^

��·D�<|+�M}@�D���>�6|¯½ Fv=KN��ROP��QuLFE¯ECLIWC9IOP�6E
f(n)+O(g(n))

G68:9
{f(n)}+O(g(n))

B�E�HFWA^gw/²IECN�GR\P8ALC´
4n2 + O(n)

B
2nO(n2)

B
nO(1) BRE�H�WK^

	xºC�5�y»4�3�/�K½ Ó�W�8:Q�H�OPQ¢UD=KWCOP¥AQ�LFE�?:ECQ«Z28:L�E_²IE�N"G2\P8:L¡ZRE�=K\PV:8:9IO[HFN"8:L<Z2E�� HRLI ¢URECZD=s´�� HRLI 5U2ECZD=
\PO[QRE@=K\/S�� H2LF ¢URECZR="�RO[QD=A9FOP=2^
wx\TZ2E{� HRLI ¢URECZD=«\[OPQREC=A\xECL�EC\�LIOPV:U2OPECQ�HFEAB+ ¢URE�9FE�WC8:9I9FE"EC\T=A9F9IECV:\[8�ZRE"OPµC ¢URO[EC9IZD=�=�Z2EC9FE�W � =
�RURLIW@=AQ2ZR8{\P=�GR9FO[N"E�9
8sW�UR9F9IECQRW�OX=#ZRE�Î/^
�³�(| \PLIE@=A9IW � Ð>=2´ �R~g~g����� ¿ ^[^`Q�� ����� BsÎ/´ � Ò ~g��} O ´ �¸|6}

{ ����� : n ≥ 0}O ´< ¿
{ "$#&% : x #�- �('*)C+.�*# a[1, i)}�(� ¿

≥
Q
∧
= � OI�

6=
Î
→
O¸´! �O$> ¿ �l�

�5|4�R� �4|
{ �&-?' : x �('*),+@�*# 2B'*"$" i ≤ n ∧ x = a[i]}7v=K9�=�ECL¤H�E�=A\[V:8:9FO�H�N�8{E�LuLFECQ2WCOP\[\P8�=KQD=A\PO[µ@=A9�EC\pN�E_²I8A9�W@=ALI8RBlEC\vG/E�8:9�W@=KLF8�S¬EC\vW@=ALI8�N�ECZ2OP8R^

�sEC=AQ
t1(n)

B
t2(n)

S
t3(n)

\X=KLT;3URQRW�OP8:Q2ECL
 ¢UREuW�URECQ�HJ=KQ�\P=�W@=AQ�HFOPZD=AZ{ZREuWC8:N�GD=A9F=AWCO[8:QRE�L�WC8AQ�Î
ECQ�EC\lN�E_²I8A9<W@=ALI8RBDG/E�8:9<W@=KLF8�S�W@=ALI8"N�ECZ2OP8#9FE�LFG6ECW�H�O[?K=AN�ECQ�HFEA^

�y��ºC�M~��:�R�C��� ��WCUR9I9FE�W�UD=AQRZ28#Î{LFEuE�QRWCU2ECQ�H�9F=�E�Q�\X=�GR9IOPN�EC9F=�G/8ALFOPW�OP¥:Q"ZREC\�=A9F9IECV:\[8R^R�5E
9FEC=A\PO[µ@=�U2QD=�W�8:N�GD=A9�=KWCOP¥AQ�´

t1(n) = 1 ∈ Θ(1)
^

»x�¢�M~��:�D�C��� ��W�UR9F9IE�WCUR=AQRZR8�Î�Q28{LFE�ECQRW�URECQ�H�9F={ECQ�EC\4=A9F9IECV:\[8R^6�sE�9IE@=A\[OPµC=AQ�Q�WC8:N�GD=��
9�=KWCOP8AQRECL�´

t2(n) = n ∈ Θ(n)
^

�:�D�C� �y�5�4�3��� Ó GR9IOP8:9IO B�ZRECG6ECQ2ZRE¶ZRE¶\X=�GR9I8:�D=A�RO[\PO[ZD=AZ�Z2E¡ ¢URE
Î�E�LIHF�¡E�Q"E�\D=A9I9FECVA\P8�S:B�E�Q
W@=KLF8�ZREz ¢URE�E�LIHF�ABM\X=�GR9I8:�D=A�2OP\PO[ZD=AZ�Z2E� ¢UREzE�LIH���ECQ�W@=KZD=�G68:LIOPWCO[¥:Q�^R�sO�WC8AQRLFO[ZREC9F=AN"8AL
EC\YW@=ALI8©E�Q  ¢UREÑE�LIHJ­sB�S�LFOuW�8:QRLIOPZRE�9�=AN�8:L�E� 5U2OPGR9I8:�D=A�R\[E« ¢UREÑECLIHF�ÑECQ URQD= U 8AH�9F=
G68:LFO[WCOP¥AQ�B¢EC\�GR9I8:N�ECZRO[8�ZRE�\�Q�HRN"E�9F8#ZREuW�8:N�GD=A9�=KWCOP8AQRECLT 5U2E � =A9�­�;>=K\[HJ=�ECQ�W@=KZD=�W@=ALI8
ECL

t3(n) = 1+2+...+(n−1)+n
n

^6�5OPN�GR\PO��DW@=AQ2ZR8R´
t3(n) = n(n+1)

2n
= n+1

2
∈ Θ(n)

^
w/²IEC9IWCOPW�OP8R´�Ã ¾ ¥AN"8�GRURE�ZREYN�8sZ2O[�DWC=A9FLIE<\X=z� HRLF ¢URE�ZD=�\[OPQREC=A\RLFOMLIEY=ALIURN�E� ¢URE�EC\M=A9I9FECVA\P8�ECLIH�­
8:9IZRECQD=KZR8¢Å�Ã%®YEz ¢UR��8:9FZRE�Q�LFEC9I£X=AQ

t1(n), t2(n)
S

t3(n)
E�Q�E�LFEzW@=KLF8¢Å

wx\+LFECVAURQRZR8"E_²IECN�GR\[8�E�LYE�\(Z2E�� H2LF ¢URECZR={�ROPQR=A9FOP=2BR ¢URE�9FEC ¢URO[EC9IE� ¢URE�EC\(=A9F9IECV:\[8�ECLIHF��8A9FZRE±�
QD=AZ28#ZREuN"E�QR8:9�=�N{=@S:8A9C^RwxL<LIOPN�OP\X=K9T=�W�UD=AQRZ28#URQR8#�RURLIW@=#URQD=#GD=K\X=A�R9F=�E�Q�U2Q�ZROPW�WCOP8AQD=A9FO[8R´
URQR8�\P8�=A�R9IEY=A\MN�ECZRO[8�S�LIO/\P=�GR=A\X=A�29�=u ¢UREYURQ28��RURLIW@=�E�LIH�­�ECQ"\X=zGD=A9IHFE�O[µC ¢URO[EC9FZR=�URQR8�\PO[N"O�HJ=
\X=#� H2LF ¢URECZR={ECQ�ECL�=�GD=A9¤H�E"Ð¸=A�29FOPE�QRZR8�Q¢URE�?K=AN�ECQ�H�E�=A\lN�ECZRO[8RBRE�HFW%Ò±B6LIO+ECQ�WC=AN��RO[8�ECLIH�­�E�Q�\P=
GD=A9¤H�EzZRE�9FECW � =2BMURQR8�\PO[N"O�HJ=�\P=�� HRLI 5U2ECZD=�=#E�L�=�GD=A9IHFEABDE�H�WA^
�³�(| �RLFEC=A9FW � Ð¸=2´ �2~�~g����� ¿ ^�^ Q�� ���T� BsÎ/´ F¡Ò ~g��} O ´ �¸|6}

{ ����� : n ≥ 0}¼R�R~ OPµC MB`N"E�Z�B`ZREC9�´ �¸|/}
OPµ� 6´< Í
ZREC9�´! $Q�> ¿

{ "$#&% : x �('*),+.�*#;2S'*"$" x �('*),+.�*# a(izq, der)}�(� OPµC  > Æ
<
Z2EC9

→N�ECZ�´< §Ð3OPµC 
>�ZRE�9JÒ
÷
Æ
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� � Î

<
= � N�ECZ��

→
ZRE�9C´<  N"E�Z

Î
=
= � N�ECZ��

→
OPµ� M´!  N�ECZ5� ¿
ZREC9�´! $N"E�Z�> ¿

Î
>
= � N�ECZ��

→
OPµ� M´!  N�ECZ

¹
�l�
Ox´! �OPµ� @> ¿

�5|4�R� �4|
{ �&-?' : x �('*),+@�*# 2B'*"$" i ≤ n ∧ x = a[i]}Ï+=<WC8:N�GR\PE³²IOPZD=KZuZREC\¢=A\[V:8:9IO[H�N�8�E�LIH�­¡ZD=KZD=¡G68:9l\P=
W@=AQ�H�O[ZD=AZ�ZREx?:E�WCECL4 ¢URE¯LFEÕE_²IECW�U2HJ=¶EC\�W�OPW�\P8RB

ZD=AZ28Y ¢URE
WC=AZD=�E³²IECW�URWCO[¥:Q�ZRE�\sW�OPWC\[8�O[QRLFU2N"E¯H�O[ECN�G/8¡WC8:Q2LIHJ=KQ¢HFEzÐ¸=¡\P8¡LFURN�8 Æ WC8:N�GD=A9F=AWCO[8:QRECL�Ò�^
wxQ�WC=AZD=¶E_²IE�WCURW�OP¥:QzZRE�\�WCOPW�\P8RBC8¡�2OPECQzLIEÕE�QRWCU2ECQ�H�9F=¶Î/B%8��2OPECQzE�\�ECLFGR=AWCO[8¡Z2EÕ��HRLF ¢URE�ZD=�LIET9IECZRURW�E
=u\X=YN�O[H�=AZ�^Aw¯Q�E�;3ECW�HF8RB�LFO2OPµC ¢O2S�ZREC9IODZRECQ28AHJ=AQ�\[8:Lv?K=A\P8A9FECLvZRE¶OPµC �S�ZRE�9xZRECLIGRUR��LTZRE¶\P=YO�� �CLFO[N{=
E_²IE�WCURW�OP¥:Q�Z2EC\�W�OPWC\[8RB5L�=A�6ECN�8:L
 ¢UREuZRO� �Z2EC9FO �³O[µC ¢O�� ¿ LI8:Q�\X=�WC=AQ�H�OPZR=AZ�ZREuW�EC\PZR=AL
ZREz=� ¢UREuQR8AL
 ¢URECZR=AQÑG/8:9�E�ÎsGR\[8:9�=A9�GD=A9F={ECQRW�8:Q�H�9F=A9�Î/^+�sE�G2URECZRE�?AEC9� ¢URE#LIOvZRO

>
¿ BeE�Q�H�8:QRW�ECLuZ+Ð3O$> ¿ Ò

≤ZRO � Æ ^ ¾ 8:N�8YZ Í
=
Q�S�EC\5WCOPW�\P8¡H�EC9IN"O[QD=¶WCUD=AQ2ZR8�ZRO

=
¿ BgECLIHF8uGD=ALF=A9�­<�³ECQ�EC\5G/E�8:9vWC=ALF8K��WCUD=KQRZR8

O
= dlg

Q
e
^l7(8:9z\P8{H�=AQ�H�8RB

t(n) ∈ O(log n)
B�ZR8AQRZRE

t(n)
ECLzEC\vQ�H2N"E�9F8�ZRE�WC8:N�GD=A9F=AWCO[8:QRE�L

 ¢URE�LFEz9FEC=A\PO[µ@=AQ�E�Q�E�\lG/E�8:9<W@=ALI8R^
®YE<\P=�N"O[LFN"=¡;38:9IN{=YG2URECZRE¶8:�sH�ECQ2EC9FLIE¶URQD=uWC8AH�=uOPQ2;3E�9FOP8A9vZRE

t(n)
Ð3ECLxZRE�WCOP9�B:ZRE�\RG/E�8:9xW@=KLF8¢Ò±B

G68:9pE_²IE�N"G2\P8RB�ZRECN�8:L¤H�9�=KQRZR8z ¢URE
t(n) ≥ blog4 nc

GR=A9IHFOPE�QRZR8uZRE< ¢URE<Z+Ð3O$> ¿ Ò
≥
ZRO � Ê2^A7(8:9xEC\[\P8RB

LFEuHFOPECQ2E� ¢URE
t(n) ∈ Ω(log n)

S�G/8A9<\P8�HJ=KQ¢HF8
t(n) ∈ Θ(log n)

^
7xURECZ2E«QR8AHJ=K9FLFE� 5U2E«ECLIHFEÑ=A\PVA8:9FO�H�N�8 LIE«WC8:N�G68:9IH�=yN�URW � 8 N�E_²I8A9{ ¢URE«EC\Y=AQ�H�E�9FOP8A9{GD=A9F=
V:9F=AQRZRE�L"?K=A\P8A9FECL�ZRE

n
^��sURG68:QRV:=AN"8AL�U2QD=¦� H2LF ¢URECZR= \POPQ2E@=A\
LI8:�R9IE�URQ =A9F9IECV:\[8¦ZRE�HJ=KN{=��28

¿ ^ Í:Í:Í ^ Í:Í:Í ^��5OY= � 8:9�= 9FECG2O[H�O[�C9F=AN"8AL�\P=¦� H2LF ¢URECZR=¨\[OPQREC=A\¶LF8:�29FE�U2QR8 ZRE�H�=AN"=��R8 Æ ^ ÍAÍ:Í ^ Í:Í:Í B
ZD=AZ28« 5U2E

t2(n) ∈ O(n)
BpQR8:L�\[\PE�?A=K9F£X=�EC\
Z28:�R\PE{ZRE{H�O[ECN�G/82^vwxQ¨W@=AN��ROP8RB(LFO�ECLIHFU2?5OP��9�=AN�8:L

U2HFOP\PO[µ@=AQ2ZR8�� HRLI ¢URECZD="�ROPQD=K9FOX=sB2WC8AN"8
t(n) ∈ O(log n)

BD\P=#ZRO[;3E�9FECQ2WCOX=#ZREuH�=A9FZD=KQRµ@=�LFE�9F£X=#WC=ALFO
OPN�G6EC9FW�ECG2HFOP�R\[EAB�ZD=AZR8u ¢URE

log(2n) = log 2+log n = 1+log n
^�wxQ�E�;3ECW�H�8RBALFE¶GRURE�ZRE¶8:�RLFE�9I?K=A9

 ¢URE�EC\l=A\[V:8:9IO[H�N�8 � =AWCEzLF¥A\P8�URQD=�WC8:N�GD=A9F=AWCO[¥:Q�N"­ALC^

��� � fMk��(h(h+fMo(klmXjvd
�¶ECWC8A9FZRE�N"8:L<E�\lGR9F8A�R\PE�N{=�;38:9IN�UR\P=AZR8#ECQ�URQD=�WC\P=ALFEz=KQ¢HFEC9IOP8:9�´
��~��¢�6�(|/}%��� � °�Q¦�ROP�2\POP8KH�ECWC=A9FO[8�ZRE�N"8:9F= ¿ ZR£P=�E�Qy8:9IZRECQR=A9�=K\[;>=A�6��HFOPW@=KN"E�Q¢HFE#URQD=��RO��
�R\[OP8AHFECW@=#W�8:Q ¿%ÍAÍ:Í E±ÎsG/E�ZROPE�Q¢HFECL�^lÃ ¾ UD­AQ�H�8{ZRECN�8:9�=K9�­�ECQ�8A9FZRE�QD=A9¡URQD="W�8:Q ÆAÍAÍ:Í E±Î¢�
G6ECZRO[ECQ�H�E�LJÅ

ÏlE¶GR9F8:G68:QRE�N"8ALT=K\D�ROP�R\[OP8AHFECWC=A9FO[8� ¢URE�8A9FZRE�QRE�\P=�G29FOPN�EC9F=�N"O�HJ=AZ�ZRE¡\X=u�RO[�R\PO[8AH�E�W@=�Ð-HJ=A9IE@=zÓ
≈
¿ ^ Í:ÍAÍ ^ ÍAÍ:Í ZREuWC8AN"GD=K9�=AW�OP8:QRE�L  ¿ Z2£X=�ZRE�HF9�=A�D=%²I8¢Ò�BR\[URECVA8#\X=�LIECV:URQ2ZD=�N�O[H�=AZÑÐ-HJ=A9IE@=	�

≈¿ ^ Í:Í:Í ^ Í:Í:Í ZRE�WC8AN"GD=K9�=AW�OP8:QRE�L� ¿ Z2£X=#ZREzH�9�=K�D=g²I8¢Ò±BRS�\PURE�V:8�E�;3ECW�H�HRE�\X=#OPQ�HFEC9FWC=A\X=KWCOP¥AQ�8:��?sOP=
ECQ�HF9FE�\X=AL Æ �ROP�R\[OP8AHFECWC=ALY8:9IZRECQR=AZD=AL"Ð3H�=A9FEC= ¾

≈
Æ ^ ÍAÍ:Í WC8:N�GD=A9F=AWCO[8:QRE�L  ÇU2QR8:LzN"O[Q¢U2H�8:LYZRE

H�9F=A�D=g²I8�Ò�^(wxLIH�8�\PE�\P\PE�?K=A9�­�N�URW � 8�N"E�QR8:L�Z2E{\P8AL�Ê�ZR£X=AL� ¢URE�\[E"\[\PE�?K=A9I£X= � =AW�EC9�H�85ZR8�W�8:Q EC\
=A\[V:8:9FO�H�N�8�ZREz8:9IZRECQR=AWCO[¥:Q�G/8:9<LIEC\[ECWCW�OP¥:Qe^
wxLIHF8�=�LFUÑ?:E�µ{GRURE�ZRE�N"E³²I8:9�=A9ILFEK´l\X={HJ=K9FE@=�ÓÇGRURE�ZRE"Z2ECLFZ28:�R\X=K9FLFE�ECQ 8:9IZRECQD=K9�Ä Í:Í E�ÎsG/E±�
ZRO[ECQ�H�E�L�Ð-HJ=A9IE@=�ÓYÓ

≈
Æ Ä Í ^ Í:Í:Í W�8:N�GD=A9�=KWCOP8AQRECL  ¿ � Ê�Z2£X=�ZRE�H�9�=K�D=g²I8¢Ò±Bl8:9FZRE�QD=A9z\P8ALu8AH�9I8:L

Ä Í:Í E±Î2G6ECZ2OPECQ�HFECLuÐ-HJ=A9IE@=uÓ
�
≈
Æ Ä Í ^ Í:ÍAÍ WC8:N�GD=A9F=AWCO[8:QRECL  ¿ � ÊzZR£X=uZRE¶H�9F=A�D=g²I8�Ò�B:E¶OPQ�HFEC9FWC=A\X=K9

Ð3H�=A9FEC=�Ó ¾
≈
¿ ^ Í:Í:Í WC8AN"GD=K9�=AW�OP8:QRE�LJÒ±^5�sOPN�OP\P=A9FN�ECQ�H�E�GD=A9�=z\X=uHJ=K9FE@=��Y^5wxQ{H�8AH�=A\ BKH�ECQ2ZR9F£P=AN"8AL

= � 8A9�=
≈
¿ ^ Í:Í Ê2^ Í:ÍAÍ W�8:N"GR=A9�=AW�OP8:Q2ECLCBgG68sW�8YN"­AL(ZRE ¿ Z2£X=2^�wxLIH�=YOPZREC=�GRU2ECZRE
O�H�E�9�=A9ILFEA´gE�Q�?:E�µ<ZRE
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8:9IZRECQD=K9pV:9FU2G/8:LvZRE¶Ä Í:Í BKLIEC9�­KQ�VA9FURG68:LvZ2E Æ Ä Í ¥ ¿%Æ Ä�¥ � ËY¥zÁKÊ�¥#^C^�^JÃ@WCUD­KQ�W � OPWC8ALpGRURE�ZRECQ�LFE�9
ECL¤H�8:LvV:9FURG68:L�Å¶°¡QD=Y�RO[�R\PO[8AH�E�W@=¶ZRE ¿ LI8:\P8�E�ÎsG6ECZRO[ECQ�H�E
E�LvH�9IO[?5OX=K\ B%QR8�9IEC ¢URO[EC9FET8:9FZ2ECQD=AW�OP¥:Qe^A°¡QD=
ZRE Æ E±ÎsG/E�ZROPE�Q¢HFECLuS�=�G2URECZRE#LIUR�6ZRO[?5OP9ILFE�E�Q Æ GD=A9¤H�ECLuZ2E�URQÑE�ÎsG6ECZRO[ECQ�H�E#WC=AZD=�URQD=sBe8:9IZRECQD=K9
W@=KZD=�GR=A9IHFE�Ð3H�9IO[?5OX=K\-ÒÕEzO[Q¢HFEC9IW@=A\P=A9C^
®YE�E�LIH�=�N{=AQ2EC9�=sB5\P=�U2HFOP\PO[µ@=AW�OP¥:Q�ZREY\X=�8A9FZRE�QD=AWCO[¥:Q�G68:9�LIEC\[ECWCW�OP¥:Q"�DQD=A\[N"E�Q¢HFEY ¢URE�ZD=#EC\PO[N"O �
QD=AZR=2´2H�85ZD=�\P=�8:9FZRE�QD=AW�OP¥:Q�LFEz9IE@=A\[OPµ@=�ZRO[?5OPZ2OPECQ2ZR8#\X=��RO[�R\PO[8AH�E�W@=�E�Q Æ 8A9FZRE�QD=AQRZR8�Ð3U2H�O[\POPµC=AQRZR8
9FE�WCUR9ILFO�?A=KN"E�Q¢HFEzECLIH�=�O[ZRE@=:Ò�E�O[Q�H�EC9IW@=A\P=AQRZR82^
wx\R=A\[V:8:9IO[H�N�8¡ZRE<8:9FZ2ECQD=AW�OP¥:Q# ¢URE¶=KW@=A�D=KN"8:L4ZRE<E�ÎsGR\[OPWC=A9pLFE<\[\X=AN"=¶N"E�9FV:E@�s8:9IH¶Ð>8:9IZRECQD=KWCOP¥AQ
G68:9<OPQ�H�E�9FWC=A\X=AW�OP¥:QDÒ�^RwxQ�URQ�ECLIHFOP\[8�;3URQRWCO[8:QD=A\eLFEzGRURE�ZRE�E�LFW�9FOP�2OP9¶=ALI£ ´
N�EC9FVAE%�s8:9¤Hz´[´ �`� �

→
�`� �

N�EC9FVAE%�s8:9¤H � �  � �
N�EC9FVAE%�s8:9¤H � H1�  � H �
N�EC9FVAE%�s8:9¤H<H�L  $N�EC9IV:EuLIHFL ¿ LIH�L Æ

�NP+�¢~��
L¤H�L ¿  �N"E�9FV:E@�s8:9IH<HFL ¿
L¤H�L Æ  �N"E�9FV:E@�s8:9IH<HFL Æ
Ð-H�L ¿ B`HFL Æ Ò4 $LFGR\[O[H
HFL

LFG2\PO[H�´[´ �`� �
→
Ð �`� �¸B �`� �XÒ

LFG2\PO[H�H�L  ÀÐ3H�= � EzQ�H�L�BDZR9F8AG�Q�H�L�Ò
�NP(�¢~g� Q  $\[ECQRVKH � H�L

÷
Æ

N�EC9FVAE#´[´ �`� �
→

� � �
→

� � �
N�EC9FVAE � �+L¤H�L Æ  $L¤H�L Æ
N�EC9FVAEuLIH�L ¿ � �  $L¤H�L ¿
N�EC9FVAE�Ð3H ¿ ´ L¤H�L ¿ Ò�Ð-H Æ ´`LIHFL Æ Ò  �O� H ¿

≤
H Æ

}QP(�5| H ¿ ´ N�EC9IV:EuLIHFL ¿ Ð3H Æ ´ L¤H�L Æ Ò
�s�>�C� H Æ ´`N"E�9FV:E�Ð-H ¿ ´`LIHFL ¿ Ò
L¤H�L Æ

ZR8:Q2ZRE<LFGR\[O[HvZRO[?5OPZ2E�H�LxE�Q Æ GR=A9IHFECLxZRE<O[V:UD=A\5\P8:Q2V:O[HFURZ�Ð
±
¿ Ò(S�N"E�9FV:E
9IE@=A\[OPµC=Y\X=YO[Q�H�EC9IW@=A\P=AWCO[¥:Q�^

wxQ"E�LIHFOP\P8zO[N"G6EC9F=KH�O�?:8�\P=zG29FOPQ2WCOPGR=A\2ZRO��DWCU2\[HJ=KZ�E�LT\P=�QRECW�ECLIOPZD=AZ"ZRE¶U2H�O[\PO[µ@=A9v=A9F9IECV:\[8:L¯=AUsÎsOP\[OX=A9IECL
GD=A9F=#9FE@=K\POPµC=A9
\P=�OPQ�H�E�9FW@=K\X=AW�OP¥:Q�^R�sEz\P8#GRU2ECZRE�ECLIWC9FO[�ROP9<Z2E�\P=�LFO[V:UROPE�Q�H�EzN{=KQREC9F=2´
¼R�2~ =2´ �R~g~g����� ¿ ^[^`Q�� ���T�
¼R�2~ ��B`WA´ �R~g~g����� ¿ ^[^`Q

÷
Æ > ¿ � �����

»(~���� N�EC9IV:E%�s8A9IH�Ð>O[µC MB`ZREC9�´ �¸|/} Ò
{ ����� : n ≥ der ≥ izq > 0 ∧ a = A}¼2�R~ N�ECZ�´ �>|/}

� � ZREC9
>
O[µC 

→
N�ECZ�´< §Ð3ZREC9�>�OPµC sÒ

÷
Æ

N�EC9FVAE%�s8:9¤HgÐ3OPµC MB`N"E�ZMÒ
{a[izq, med] �&�*�*587�),2�9*",:/# -/�10��*#�23032 0�� A[izq, med]}N�EC9FVAE%�s8:9¤HgÐ3N"E�Z�> ¿ B Z2EC9JÒ

{a[med + 1, der] �&�*�6587�)C2�9*",:/# -/� 0��*#�23032M0�� A[med + 1, der]}� �M~ O¸´! �OPµ�  }%� N�ECZ �+� � � O�� OPµC 
> ¿ �¸´! u= � OPµ� 3� �l�
{b[1, med − izq + 1] = a[izq, med]}� �M~ ²�´< $N�ECZ�> ¿ }%� ZREC9 �+� W � ²_�³N�ECZ��¸´< z= � ²E� ���
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{c[1, der − med] = a[med + 1, der]}OPQ�HFEC9FWC=A\X=K9%Ð>O[µC MB`N"E�Z�B Z2EC9JÒ
{a[izq, der] �&�*�6587
),2�9*",:/# -/�10��*#�23032M0�� A[izq, der]}¹

�5|4�ª»(~g�l�
{a �&�*�6587�)C2�9*",:/#;0�� A ∧ a[izq, der] �&�*�6587�)C2�9*",:/# -/�10��*#�23032N0�� A[izq, der]}

ÓYLIOPN�OPLIN"8RB5EC\lG29F85WCECZ2OPN�OPECQ�HF8#OPQ�H�E�9FW@=K\X=A9
G2URECZRE�ECLIWC9IOP�RO[9FLFEuZ2E�\P=#LFOPVAUROPE�Q¢HFEuN{=KQREC9F=2^
»(~���� O[Q¢HFEC9IW@=A\P=A9�Ð>O[µC MB N�ECZeB ZRE�9C´ �>|/} Ò

{ ����� : n ≥ der > med ≥ izq > 0 ∧ a = A ∧ b = B ∧ c = C}
{ ����� : B[1, med − izq + 1] = A[izq, med] ∧ C[1, der − med] = A[med + 1, der]}

{ ����� : B[1, med − izq + 1] A C[1, der − med] -/� 0��*#�230�-?' }¼2�R~ O B ²�B`N{=�ÎsO¸B N"=�Î%²�´ �>|/}
O¸´! ¿
²�´< ¿
N"=�ÎsO ´< $N�ECZs� OPµ� �> ¿
N"=�Î%²�´! �ZREC9_�³N�ECZ

{ "$#&% : b = B ∧ c = C ∧ a[1, izq) = A[1, izq) ∧ a[k, n] = A[k, n]}
{ "$#&% : a[izq, k) = "$#&) �*��9 2�KI2�9*",:/#;0�� b[1, i) 9(-/# c[1, j)}� �M~�� ´<  OPµ�  }%� ZREC9 �+�

� � O
≤
N{=gÎ2O

∧
Ð ²

>
N"=�Î%²

∨
� � O��

≤
W � ²E�XÒ }QP(�5| = � � � ´<  � � O��

O ´< �O$> ¿
�5�>�C� = � � � ´< $W � ²E�
²�´< T²�> ¿

¹
�l�

�5|4�ª»(~g�l�
{a �&�*�6587�)C2�9*",:/#;0�� A ∧ a[izq, der] �&�*�6587�)C2�9*",:/# -/�10��*#�23032N0�� A[izq, der]}

 O[QD=A\PN�ECQ�HFEABp\P=¦E_²IE�WCURW�OP¥:QÌZRE�\P=¦8:9IZRECQR=AWCO[¥:Q G68:9�OPQ�H�E�9FW@=K\X=AW�OP¥:Q¨WC8AN"O[ECQRµC=¦\P\P=AN"=AQRZR8Ñ=A\
GR9I8sW�ECZRO[N"O[ECQ�H�8#W�8:Q�O[µC "OPV:UD=K\l= ¿ S�ZREC9¶OPVAUD=A\�=�Q�´
N�EC9FVAE%�s8:9¤HgÐ ¿ B QDÒ
wxLIH�=�H���WCQRO[W@=�GR=A9�=�9FECLI8:\[?AEC9�URQyGR9I8:�R\[ECN"=2BlWC8:Q2LFOPL¤H�E�Q¢HFE�ECQyZRO[?5OPZ2OP9uEC\ÕGR9I8:�R\PE�N{=�ECQyGR9F8K�
�R\[ECN"=AL<N"E�QR8:9IECL�Ð>ZREzO[ZR�CQ�H�O[W@=#QD=KHFUR9�=K\PECµC=#G/E�9F8�ZRE�N�ECQ28:9
HJ=AN"=��R8�Ò�BR=KLFURN�OP9<\[8:L<GR9F8A�R\PE�N{=AL
N�ECQR8:9IECL¶9FE�LFURE�\[HF8:L
S�U2HFOP\PO[µ@=A9TZROPW � 8:L<9FE�LFUR\�HJ=AZR8AL<GD=A9�=#9IECLF8A\[?:E�9¶EC\lGR9I8:�R\PE�N{=�8:9FO[V:OPQD=K\ B¢LFEzWC8��
QR85WCE¶G68:9��_ZRO�?sO[ZRE<=AQ2Z"W�8:QR ¢UREC9��JB¢ECLÕZRE�WCOP9�B �_ZRO�?5OPZRE
S�?AECQRW�EC9F­AL ��^��AURL¤HJ=AN�ECQ�HFE¡E�\ � ECW � 8�ZRE¶ ¢URE
\P8ALÕG29F8:�R\[ECN"=ALÕN"E�QR8:9FE�LTLIE@=AQ{ZREYO[V:UD=A\DQD=�H�UR9F=A\PE�µ@=z 5U2EYEC\68:9IOPV:O[QD=A\ BKECLÕ\P8� ¢URE�G6EC9FN�O[HFE< ¢URE�EC\
N�OPLFN�8�=A\PVA8:9FO�H�N�8#GRURECZ2E#=AGR\[OPW@=K9FLFE�9FE�WCUR9ILFO�?A=KN"E�Q¢HFE�GD=K9�="9IECLI8:\[?AEC9Y\[8:L¡GR9F8:�2\PECN"=AL¡N"E�QR8:9IECLC^
Ïl8:L¯W@=ALI8:L¯N{­KLxLFECQ2WCOP\[\P8:L<Ð>WC8AN"8uE�\DZREC\R;39F=AV:N�ECQ�H�8uZRE¡=A9I9FE�V:\P8uZRE¶\[8:QRV:O�H�URZ#N�ECQR8A9x8�O[V:UD=A\s ¢URE
¿ B�GD=K9�=zEC\MGR9F8A�R\PE�N{=�ZRE¡8:9IZRECQD=KWCOP¥AQMÒpZREC�6ECQ"9FECLI8:\[?AEC9ILFE�=KGD=A9IHFEA^¢wxLIHF8:LÕW@=ALI8:LÕ;39IECW�URECQ�H�E�N"E�Q�H�E
LF8AQ�H�9FO�?5OX=A\[ECLC^g°¡LFUD=K\PN�ECQ�H�E
E�\5HF�C9IN"O[QR8 �³ZRO[?5OPZ2EÕS�?:E�QRWCE�9�­AL��<LFE
=AGR\PO[W@=�=�=A ¢UREC\[\P8:L(W@=KLF8:LpE�Q# ¢URE
EC\DG29F8:�R\[ECN"=YLFE¶LIUR�/Z2O[?5OPZRE<E�Q"G29F8:�R\[ECN"=ALpN�ECQR8A9FECL�� ;39�=AW�WCOP8AQD=AQRZR8 ��E�\RHJ=AN"=��R8uZ2E¡\P=�ECQ�H�9F=AZD=2^
���(�y�¢~g� �+�¦���6�y»4�2~��R���>�6|+�s�K½ �sE@=

t(n)
EC\+Q�HRN"E�9F8�ZREzWC8:N�GD=A9F=AWCO[8:QRE�L<ECQ�H�9IE�E�\PECN�ECQ�HF8:L

ZRE �  ¢URE�9FEC=A\PO[µ@=�EC\eN�EC9IV:E%�58:9IH�WC8:Q�U2QD=�ECQ�H�9F=AZD=�Z2EYHJ=AN"=��R8�Q�ECQ�E�\/G6EC8:9�W@=ALI8R^ ¾ UR=AQRZR8#\P=
ECQ�HF9�=AZD=#E�L¡Z2E�HJ=AN"=��R8 ¿ BRQR8 � =AW�EuQROPQRVAURQD=�WC8AN"GD=K9�=AW�OP¥:Q�B

t(1) = 0
^ ¾ UD=AQRZR8�\P=�ECQ�H�9F=AZD=#ECL
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ZRE�H�=AN{= �R8#N{=@SA8:9¶= ¿ B � =KWCE�H�85ZD=AL<\P=AL
W�8:N"GR=A9�=AW�OP8:Q2ECL
 ¢URE � =AW�Ez\X=�GR9IOPN�EC9
\[\X=AN"=AZD=�9FE�WCUR9_�
LFO�?K=�=�N"E�9FV:E@�s8:9¤H@B6ECLIHF8�ECLCB

t(dn/2e)
B/N{­AL�H�85ZD=ALY\P=AL�W�8:N"GR=A9�=AW�OP8:Q2ECLY ¢URE � =AWCE�\P={LFE�V:URQRZR=

\P\P=AN"=AZD=Y9IECWCU29FLFO�?K=�=zN�EC9FVAE%�s8:9¤H@B:E�LIHF8�E�LCB
t(bn/2c)

B�N"­ALpHF8sZD=KLÕ\P=ALxWC8AN"GD=K9�=AW�OP8:QRE�Lx ¢URE � =AWCE
EC\lG29F85WCECLI8"Z2E�O[Q�H�EC9IW@=A\P=AWCO[¥:Q�ECQ�EC\lG6EC8A9<W@=ALI8RBDECL¤H�8�ECLCB

n − 1
^&F4E�QRECN�8:L¶ECQ�HF8:QRWCE�LC´

t(n) = t(dn/2e) + t(bn/2c) + n − 1.
wxLIHF8�ECLTURQD=z9FE�WCUR9I9FECQ2WCOX=sBsE�LTZRE�WCO[9CB¢LFE¡ZRE��RQREY\P=z;3URQ2WCOP¥AQ

t
E�Q"HF�C9FN�OPQ28:L¯ZRE�LI£MN"O[LFN"=2^¢Ã ¾ ¥:N�8

8:�2HFECQRE�9¶E�ÎsGR\P£[WCO�HJ=AN�ECQ�H�EYEC\l8:9IZRECQ�ZRE
t(n)
Å�°¡L�=A9IECN�8:L¶ ¢URE

t(n)
E�LIH�­"=AW�8AHJ=KZD=2´

t(n) ≤ t(dn/2e) + t(bn/2c) + n
t(n) ≥ t(dn/2e) + t(bn/2c) + n

27v=K9�={LIOPN�GR\PO��DW@=A9¶E�\4WC­A\PW�UR\P8RBMW�8:QRLFO[ZREC9F=AN�8:LYGR9IOPN�EC9I8�=A ¢URE�\P\P8AL¡?K=A\[8:9FE�LYZRE
n
GD=A9�=�\P8:L� ¢URE

\X=KL<8:G/E�9�=AW�OP8:Q2ECL
d e
S
b c
GRU2ECZRE�Q�LFE�9�O[V:QR8:9F=AZD=AL�´2G68AH�E�QRWCOP=AL<ZRE Æ ^

�sEC= ECQ�H�8:Q2WCECL
n = 2m ^TÓ GD=A9¤H�OP9"ZRE«\X=¦GR9FO[N"E�9�=¦Z2ECLFO[V:UD=A\[ZD=AZ�BÕGD=A9F= m > 0

H�ECQ2ECN�8:L
t(2m) ≤ t(2m−1) + t(2m−1) + 2m = 2t(2m−1) + 2m ZRE�ZR8:Q2ZRE�LFE�8:�2HFOPECQ2E�Z2O[?5OPZRO[ECQRZ28�G/8A9
2m B

t(2m)

2m
≤

t(2m−1)

2m−1
+ 1.

� H�E�9�=AQ2ZR8"E�LIHFE�G29F85WCECLI8RBDLFE�\P\[ECV�=�=

t(2m)

2m
≤

t(2m−1)

2m−1
+1 ≤

t(2m−2)

2m−2
+2 ≤

t(2m−k)

2m−k
+k ≤

t(20)

20
+m =

t(1)

1
+m = 0+m = m.

®YE�LFG6E_²F=AQRZ28RB
t(2m) ≤ 2mm

^ ¾ 8AN"8
n = 2m B�L�=K�/E�N"8:LÕ ¢URE m = lg n

^ �¶ECECN�GR\P=Aµ@=AQ2ZR8z 5U2ECZD=
t(n) ≤ n lg n

BvGD=K9�=�H�85ZR8
n
 5U2E�LFE@=«G68AH�E�QRWCOP=�ZRE Æ ^ ¾ 8:QRW�\PURO[N"8:L� ¢URE

t(n) ∈ O(n lg n|nG68AH�E�QRWCOP=�Z2E
2)
^

ÓYQR­A\P8:V:=AN"E�Q�H�EAB�URL�=KQRZR8Y\P=<LFECVAURQRZD=¡ZRECLIOPV:UD=K\PZD=AZz8:�sH�ECQ2ECN�8:L
t(n) ≥ 1

2
n lg n

SzW�8:QRW�\PURO[N"8:L
 ¢URE

t(n) ∈ Ω(n lg n|n
G/8AHFECQRW�OX=�ZRE

2)
S ZRE�=AN��R=AL�W�8:QRW�\PURLIOP8:QRE�LCB( ¢URE

t(n) ∈ Θ(n lg n|nG68AH�E�QRWCOP=�Z2E
2)
^

�¶ECLIH�=�?:EC9¡WCUR­A\lECL¶\X=#WC=AQ�H�OPZR=AZ�ZREzWC8:N�GD=A9F=AWCO[8:QRECL<GR=A9�=#EC\l9IECL¤H�8�ZREz\P8:L�?K=A\[8:9FE�L<ZRE
n
^

7x9FO[N"E�9F8¡LFE�G2URECZREÕ?:E�9v ¢URE
t(n)
ECL4WC9FE�WCO[ECQ�H�EK^A7(8:9vO[QRZRURW�WCOP¥AQ�ECQ

n
B
t(n+1) > t(n)

^Awx\5W@=ALI8
�D=ALIE�E�LYLFE�QRWCO[\P\[8RB

t(2) = t(1) + t(1) + 2 − 1 = 1 > 0 = t(1)
^/�sURG68:QRV�=AN�8:L¡ ¢URE�GD=K9�=�HF8sZ28

1 ≤ k < n
B
t(k+1) > t(k)

^gwxQ�H�8:QRW�ECL�B
t(n+1) = t(d(n+1)/2e)+t(b(n+1)/2c)+n+1−1 >

t(dn/2e) + t(bn/2c) + n = t(n)
^

7v=K9�=
n
LFU2�DW�OPE�Q¢HFECN�ECQ�H�E"V:9�=KQRZREABeLFE@=

k ≥ 1
H�=A\x ¢URE

2k ≤ n < 2k+1 B�E�LIH�8�OPN�GR\PO[W@= k ≤
lg n < k +1

^ ¾ 8:N�8
t
ECLÕWC9IECWCO[ECQ�H�EKB5HFECQRE�N"8AL

t(n) < t(2k+1) ≤ 2k+1(k +1) = 2(2kk +2k) ≤
2(2kk + 2kk) = 4 2kk ≤ 4 2lg n lg n = 4n lg n

^47(8:9�\P8�HJ=AQ�HF8
t(n) ∈ O(n lg n)

^GFv=AN��ROP��Q
G68:9

t
WC9IECW�OPECQ�HFEABMLFEzH�O[ECQREu ¢URE

t(n) ≥ t(2k) ≥ 1
2
2kk ≥ 1

8
2k+1(k + 1) > 1

8
2lg n lg n = 1

8
n lg n

^
wxQ�H�8:QRW�ECL

t(n) ∈ Ω(n lg n)
B28"LIE@=2B

t(n) ∈ Θ(n lg n)
^

ÓY\�=AQD=A\[OPµ@=K9
EC\+=A\[V:8:9IO[H�N�8�N�EC9IV:E%�58:9IH¶U2HFOP\[OPµ@=KN"8:LÕOPQ�HFURO[HFO[?K=AN�ECQ�H�E�\P=�LFO[V:UROPE�Q�H�EuQR8AH�=AWCO[¥:Q�^
®YE��DQROPW�OP¥:Qe´ ®�=AZD=

f : N → R
≥0 BDLIE�Z2E��DQRE�Q�\[8:L<WC8:Qg²IURQ�H�8:L

O(f(n)|P (n)) = {t : N → R
≥0|∃c ∈ R

+.∀∞n ∈ N.P (n) ⇒ t(n) ≤ cf(n)}
Ω(f(n)|P (n)) = {t : N → R

≥0|∃c ∈ R
+.∀∞n ∈ N.P (n) ⇒ t(n) ≥ cf(n)}

O(f(n)|P (n)) = O(f(n)|P (n))
⋂

Ω(f(n)|P (n))
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∀∞n ∈ N, f(n) ≤ f(n+1)
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∃d ∈ R
+, ∀∞n ∈ N, f(in) ≤ df(n)
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n ≥ 2
LFE¶WCURN�GR\[E

2n lg(2n) = 2n(lg 2+lg n) =
2n+2n lg n ≤ 2n lg n+2n lg n = 4n lg n
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nk B log n
B
nk log n
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nlog n B
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t(n) ∈ O(f(n)|n
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t(n) ∈ O(f(n))
^

ÓYQR­A\P8:V:=AN"E�Q�H�E�GD=K9�=
Θ
S

Ω
^

®YE�N"8:L¤H�9F=AWCO[¥:Q�´ �sE@=
n
LFUs�DWCO[ECQ�H�E�N"E�Q¢HFE�V:9F=AQRZREKB5S"LFEC=

m
HJ=A\6 ¢URE
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t(n) ≤ t(bm+1) t
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t(n) ∈ Θ(n log n)
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t(n) = at(n/b) + g(n)
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b
´

t(n) ∈







Θ(nlogb a)
LIO

a > bk

Θ(nk log n)
LIO

a = bk

Θ(nk)
LIO

a < bk
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t(n) ≥ at(n/b)+g(n)
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g(n) ∈ Ω(nk)
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a = 1
B
b = 2

S
k = 0
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a = bk S G68:9�E�\P\P8

t(n) ∈ Θ(log n)
^
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aktn + . . . +
a0tn−k = 0

B
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akx
k + . . . + a0

B
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r1, . . . , rj
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m1, . . . , mj
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mi ≥ 1

S
m1 + . . . + mj = k
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t(n) = c1r
n
1 + c2nrn

1 + . . . + cm1
nm1−1rn

1 +
+ cm1+1r

n
2 + cm1+2nrn

2 + . . . + cm1+m2
nm2−1rn

2 +^^^ ^^^ ^^^
+ cm1+...+mj−1+1r

n
j + cm1+...+mj−1+2nrn

j + . . . + cm1+...+mj
nmj−1rn

jWC8AN"8
m1 + . . . + mj = k
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k
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c1, . . . , ck
B
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tn0
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Ð
n0
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k
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t(n0) = tn0

t(n0 + 1) = tn0+1^^^ ^^^ ^^^
t(n0 + k − 1) = tn0+k−1

� ^§8:�2HFECQRE�9¶ZREzECLIHFEzLFOPL¤H�E�N{=#\P8AL
?A=K\P8:9IECL<ZRE
c1, . . . , ck

B
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tn = t′(n)
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t′(n)
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t(n0) = tn0
, . . . , t(n0 + k) = tn0+k
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tn =







0 n = 0
1 n = 1
tn−1 + tn−2 ¢URE�ECL¶\X=�LIECWCU2ECQRW�OX="Z2Ez�R�/8:QR=AWCW�O ^
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tn − tn−1 − tn−2 = 0
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x2 − x − 1
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√

5
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S

t1 = 1
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c1 + c2 = 0 (t(0) = t0)

c1(
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√
5

2
) + c2(

1−
√

5
2

) = 1 (t(1) = t1)
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c1 = 1√
5

S
c2 = − 1√

5
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tn = 1√
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√
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t1 = 1
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Θ(log n)
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Θ(n log n)
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N�U2S�OPQRE��DWCO[ECQ�H�EK^
wxQ«E�;3E�W�H�82B�G/E�QRLFE�N"8ALu 5U2�#GD=AL�=K9F£X="LFOx=AG2\POPWC=AN�8:L� ¢URO[W � �s8:9IH�=�U2Q¦=K9F9FE�V:\P8"G/E�9I;3E�W�HJ=KN"E�Q¢HFE
8:9IZRECQD=KZR8R^5Ï+=�GR9IOPN�EC9�=�?AECµ� ¢URE�LFE¡E_²IECW�U2H�EYGRO[?A8AH@B�GRO�?#?K=�=� ¢URE�ZD=A9ÕECQ�\P=�G68:LIOPWCO[¥:Q ¿ ZRE�LFGRU2�CL
ZRE � =K�/E�9x9FE@=K\POPµC=AZR8�Qs� ¿ W�8:N"GR=A9�=AW�OP8:Q2ECLC^#��9FZRE�QD=A9x\P8ALp=AQ�H�E�9FO[8:9FE�L¯=�GRO[?6BAE�?5OPZRE�Q¢HFECN�ECQ�H�EKB¢LFEC9F­
H�9IO[?5OX=K\ ^ ��9FZ2ECQD=A9�\P8AL�G68:L¤H�EC9IOP8:9IECL�=�GRO�?6B(E�QyWC=AN��RO[8RBlZRE�HFEC9IN"O[QD=A9�­�URQ Q¢URE�?:8¬G2O[?6B+ECLIH�=�?:E�µ
ECQy\X=�G/8:LIOPW�OP¥:Q Æ B+\PU2ECV:8�ZRE � =K�/E�9�9IE@=A\[OPµ@=KZR8�Qs� Æ WC8:N�GD=A9F=AWCO[8:QRECL�^+®YE{E�LIH�=�N{=KQREC9F=�?AECN�8:L
 ¢UREuEC\�=A\PV:8A9FO[HFN"8�9FEC=A\PO[µ@=�Ð3Qs� ¿ Ò > Ð3Qs� Æ Ò >Ç^�^C^�> ¿ WC8:N�GD=A9F=AWCO[8:QRE�LCB2E�L<ZRECW�OP9�B2ECL¶W�UD=AZR9F­KH�O[WC8R^
Ã ��UR��85WCUR9I9FOP¥�Å��uW�UR9F9IOP¥� ¢UREYGRO[?" ¢URECZR¥#LIOPE�N"GR9IEYE�Q�U2Q�E�Î5H�9IECN�8#ZREC\/LFE�V:N"E�Q�H�8#ZREu=K9F9FE�V:\P8�=
8:9IZRECQD=K9C^
7485ZRE�N"8:LT?:EC9I\P8#HJ=KN��ROP��Q�U2HFOP\PO[µ@=AQ2ZR8�9FE�WCUR9I9FE�QRWCOP=ALC^DwxQ�EC\eW@=ALI8�Z2Ez=AGR\PO[W@=A9T ¢UROPW � �s8:9¤H¡=#URQ
=A9I9FECVA\P8#8:9IZRECQD=KZR8"8A�2H�E�QRECN�8:L

t(n) = t(0) + t(n − 1) + n − 1 = t(n − 1) + n − 1
S�=� ¢URE

t(0) = 0
W�8:N�GD=A9�=KWCOP8AQRECL�^Mw¯L¤H�8"QR8:L¡ZD=�U2QD="9IECWCU29F9FE�QRWCOP=�Q28 � 8:N�8:V:��QRE@=�WC8AQ��� ¿ S

Z� ¿ ^2w¯\/G/8A\POPQ28:N"O[8uW@=A9F=AW�HFEC9I£PLIHFOPW�8�9FE�LFUR\�HJ=AQ�H�EYECL
(x− 1)(x− 1)2 Bs8#LIE@=2B (x− 1)3 ^
F(ECQ2ECN�8:L

URQD=�LF8A\X=�9�=K£PµAB ¿ BRZREzN�UR\�H�O[GR\PO[WCOPZR=AZ�Á2^R748:9¶EC\[\P8RBs8:�2HFECQRZR9IECN�8:L<�DQD=A\[N"E�Q�H�E

t(n) = c1 ∗ 1n + c2n1n + c3n
21n = c1 + c2n + c3n

2

GD=A9F=
c1, c2

S
c3

 ¢URE�QR8�QR8:L¶N�8:\PE�LIHJ=KN"8:L�ECQ�W@=A\[WCUR\P=A9<=AWC­2^Dwp?5OPZRE�Q¢HFECN�ECQ�H�EKB
t(n) ∈ Θ(n2)

^
wvÎ2=AW�H�=AN"E�Q�H�E�\[8¬N"O[LFN�8�85WCUR9I9FE�=K\�=AG2\POPWC=A9� 5U2OPW � �s8:9¤H�=�URQ¨=A9I9FECVA\P8¬8:9IZRECQR=AZR8«=A\T9FE�?:�CL�^
¾ 8:QRW�\PURLIOP¥:Qe´/ ¢URO[W � �58:9IHuE�L�URQ«=K\PV:8:9IO[HFN"8� ¢URE�LIE�WC8:N�G68:9IH�=�W�8:N"8

n log n
ECQ¬E�\vW@=KLF8�N�ECZRO[8

G6EC9F8YECLvW�UD=AZR9F­KH�O[WC8�E�Q�EC\5G6EC8:94W@=ALI8R^:74=A9�=YW�8:Q2�M=K9vECQ�EC\5W@=ALI8�N"E�ZROP82B�E�LpQRE�WCECLF=A9FO[8�WC8AN"GR9I8:�D=A9
 ¢URE�\P8:L
ZR=KH�8:L¡=#8:9IZRECQD=K9¡LI8:Q�=A\PEC=KH�8:9IOP8:L�^
�sO[Q ECN��R=A9FV:82B4E±Î2O[LIHFECQ N�8sZRO��DW@=KWCOP8AQRECL�N�U2S¦LFECQ2WCOP\[\X=AL�=¬\X=�?:E�9FLFO[¥:Q GR9IECLFE�Q�HJ=AZD=Ñ=AWC­¬ ¢URE
G6EC9FN�O[HFE¶WC8:Q2�D=A9¯ECQ�E�\6WC=ALF8�N"E�ZROP8�=�H2Q{LFO6LFE�=AGR\[OPWC=�=�URQ�=K9F9FE�V:\P8z8:9IZRECQR=AZR8R^5Ï+=�N"­ALÕLFE�QRWCO[\P\X=
WC8AQRLFO[LIH�E�ECQ�EC\PE�V:OP9�Ð3GRLFE�URZR8¢Ò¤=A\PEC=KH�8:9IOX=AN�ECQ�HFEuEC\(GRO[?A8AH@BMECQ�?:E�µ�ZRE�H�8:N"=A9¶LFO[ECN�GR9FEzEC\(GR9IOPN�EC9F8
ZRE�\lLFECVAN"E�Q¢HF8R^

	 �l»x�6|+�5|4���3�D���3�/|¯½ °¡Q{E_²IE�N"G2\P8zN{­KLÕLIECQRW�OP\[\P8zZRE¡\X=�H���WCQRO[W@=�Z2O[?5OPZRE<S�?AECQRW�EC9F­AL
 ¢UREYQ28�ZRE³²F=
ZRE�LIEC9#OPQ�HFEC9FE�L�=AQ�HFE�E�L#URQ©=A\PVA8:9FO�H�N�8� ¢URE�WC=A\PW�UR\X=�\P=�G68AH�E�QRWCOP=

an GD=A9F=¬URQ¨ECQ�H�E�9F8 a
SyURQ

QD=KHFUR9�=K\
n
^MÏ+=�?:E�9FLFO[¥:Q�N{­AL<O[QRV:E�Q5UR=�ZREzZRO[W � 8�=A\PVA8:9FO�H�N�8�ECL¶\P=�LIOPV:U2OPECQ�HFEA´

�³�(| E�ÎsG68MÐ¸=2´ �>|/} BsQ�´ �>|/} Ò ~g��} 9C´ �>|/} �%GR9FEK´DQ
≥
Í �

9�´! ¿
� �M~ O ´< ¿ }%� Q �+� 9C´< $9 ��= �l�

�5|4�
�sO��2OPECQ E�\�WC8:L¤H�8¨ZREÑURQD= N�U2\[H�O[GR\PO[W@=AW�OP¥:Q¨?K=A9F£P=yWC8AQRLFO[ZREC9F=A�R\PE�N"E�Q�H�E«WC8AQ E�\�HJ=AN"=��R8 Z2E
\P8AL"Q�HRN�EC9I8:L�= N�UR\[HFOPGR\[OPWC=A9CB4WC8:QRW�ECQ�H�9IECN�8:L�G68:9"= � 8:9F=¦\X=¦=KH�E�QRWCO[¥:Q E�QªWC8AQ¢H�=A9{E�\�Q�HRN�EC9I8
ZRE�N�UR\�H�OPG2\POPWC=AWCO[8:QRE�L� ¢URE�9FE@=K\POPµC=«ECLIHFE¬=A\[V:8:9IO[H�N�8¬E�Q©;3URQ2WCOP¥AQÌZRE�Q LIOPQ©GR9FE�8sW�URGD=A9IQR8:L�G/8A9
EC\(HJ=AN"=��R8"ZRE�\[8:LYQ�HRN�EC9I8:Lu={N�U2\[H�O[GR\PO[W@=A9�^Dwp?5OPZRE�Q¢HFECN�ECQ�H�E#E�\vQ�HRN�EC9I8�ZRE#N�UR\�H�O[GR\PO[W@=AW�OP8:QRE�L
ECL¶Ql^
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Ãg�sExGRURE�ZRE � =AWCE�9+=A\PVA8<N"E³²I8:9JÅÕ�s£ B�U2H�O[\PO[µ@=AQRZ28
\X=�HF�CWCQ2OPW@=<ZRE¯ZRO�?5OPZREvSY?:ECQ2WCEC9F­AL+S�8:�RLIEC9¤?A=KQRZR8
 ¢URE¯GD=A9F=¶QzGD=K9

an = (an/2)2 ^%wxLIHF8�Q28:LlG/E�9FN�O[HFEpECLIWC9FO[�ROP9e\X=�;3URQRW�OP¥:Q�=AQ�HFEC9FO[8:9�ZREx8KH�9�=<N"=AQRE�9�=2´
�³�(| E�ÎsG68�® ¾ Ð¸=s´ �>|/} BsQ�´ �>|/} Ò ~g��} 9C´ �>|/} �%GR9FEK´DQ

≥
Í �

� � Q�  Í }QP+�5| 9C´< ¿
�5�>�C��� � Q�E�L�GR=A9 }QP+�s| 9�´! �E�ÎsG68�® ¾ Ð¸=sB Q � Æ Ò

9�´! �9 �g9
�5�>�C� 9�´! $= �gE�ÎsG68�® ¾ Ð>=2B Q5� ¿ Ò
¹

¹
�5|4�
�sEC=

N(n)
E�\vQ�HRN�EC9F8{ZRE�N�UR\�H�O[GR\PO[W@=AW�OP8:QRE�L¶9FE@=K\POPµC=AZD=AL¡G68:9YE�LIH�E�=K\PV:8:9IO[HFN"8�GD=A9F={EC\4E�ÎsG68K�

QRE�Q¢HFE
n
^R�sO

n
ECL�GR=A9CB

N(n) = N(n/2)+1
^	�xLIHJ=�ECLTURQD=�9IECWCU29F9FE�QRWCOP=�ZRO�?5OPZRE¶S#?:E�QRWCE�9�­AL<W�8:Q

a = 1
B
b = 2

S
k = 0

^¢7(8:9ÕEC\P\[8RB
a = bk S N(n) ∈ Θ(log n)

GD=A9F=
n
NJHR\�H�OPG2\P8uZRE Æ ^s�sE¡GRURECZ2E

WC8AN"GR9I8:�D=A9< ¢UREzE�\lN"O[LFN�8�9FE�LFUR\�HJ=AZR8�LFEz8:�sH�OPE�QREuGD=A9F=#\P8:L<ZRE�N{­KL
n �
L�^

���4�-}g�3»v�>�>�:�D���>�6| �(��|��4�y�¢~g�6���M~g�D|(�(�5�A½�¾ 8:N�8�=��D9FN"=AN�8:L¯9FECW�OP��Q�BsQ28�ECLT\P8�N"O[LFN�8�N�UR\��
H�O[GR\PO[W@=A9ÕQ�HRN�EC9F8AL<G/E� 5U2E �R8:L¶ ¢UREzQ�HRN�EC9F8AL<V:9�=AQ2ZRECL�^ �¡E�GD=ALFE�N"8AL<WC8:Q�URQ�E_²IE�N"G2\P8�E�\l=A\PVA8:9FO�HI�
N�8sZREuN�UR\[HFOPGR\[OPW@=KWCOP¥AQ"URLIUD=A\¸´

ÁAÊ � �
¿ Ä��:Á
¿%Í Ê Æ Ë
Á ¿gÆ ËAÊ
¿ � Á:Ë Í
ÁAÊ � �
Ä:ÄAÁ � Æ � Ë
748A9�W@=AZR=�Z2£PV:O�H�8{Z2E ¿ Ä��:Á{E�LFW�9FOP�2OPN�8:L�URQD={HF�C9IN"O[QR8�=�LFU2N{=A9�^�74=A9�=�EC\4WC¥:N�GRU2HF8�ZRE#W@=KZD=
H�E�9FN�OPQR82B�Z2EC�6ECN�8:Lv9IECWC8A9F9FE�9v\[8:LvZR£[V:O[HF8:L+ZRE<ÁAÊ � � ^K�sE@=

n
EC\sQ�HRN"E�9F8�Z2E�ZR£[V:O[HF8:L4Z2E�\P8ALvQ�HRN�EC9F8AL

=zN�UR\[HFOPGR\[OPWC=A9<Ð>=ALFURN�OPE�QRZR8� ¢UREY\[8:Lx;>=AW�HF8:9FE�LÕHFOPECQ2ECQ�=KGR9F8@ÎsOPN"=AZD=AN�ECQ�HFE<EC\MN"O[LFN�8zQ�H2N"E�9F8�Z2E
ZR£[V:O[HF8:LJÒ±^2wx\�W�¥:N"G2U2H�8#ZREz\P=AL

n
\P£[QRE@=KL�OPQ2LFURN�EYH�O[ECN�G/8

Θ(n2)
B2S�\P=�LFURN"=#ZREu\P8AL

n
H���9FN�OPQR8:L

HJ=KN��ROP��Q�^ �xLFEzE�L�E�\l8:9FZRE�Q�Z2EC\+=A\[V:8:9FO�H�N�8�URLIUD=A\lZREzN�U2\[H�O[GR\PO[W@=AW�OP¥:Qe^
Ã%7485ZRECN�8:L � =AW�EC9¡=A\[V:8�N"E³²I8:9JÅ �³Q¢HFECQ�H�E�N"8ALY=AG2\POPWC=A9
\P=AL<OPZREC=AL¶ZRE�\X=�H���WCQRO[W@=#ZRO[?5O[ZREuS�?:E�Qs�
WCE�9�­AL�^M�sE�GD=A9FE�N"8AL
W@=AZR=�;>=AW�HF8:9
ECQ�Z28:L
N�O[HJ=KZRECL�´2EC\/GR9FO[N"E�9F8�ECQ�ÁAÊ�S � � B¢S�EC\/LFE�V:URQRZR8�E�Q ¿ Ä
S �:Ás´
ÁAÊ � ¿ Ä  Ä ¿%Í
ÁAÊ � �:Á  Á ¿ �:Æ
� � � ¿ Ä  ¿:¿ Ê Í
� � � �:Á  � Í � Ë

Ä:ÄAÁ � Æ � Ë
wxLIH�=�E�L¡U2QD=�N"=AQRE�9�=#WC8A9F9FE�W�H�=�ZREzN�U2\[H�O[GR\PO[W@=A9ÕZD=AZ28" ¢URE

3476 = 102 ∗ 34 + 76
S

1593 =
102 ∗ 15 + 93

BR\[URECVA8
3476 ∗ 1593 = 104 ∗ (34 ∗ 15) + 102 ∗ (34 ∗ 93 + 76 ∗ 15) + 76 ∗ 93

^
wxQ�V:E�QREC9F=A\+ ¢UREC9IECN�8:L�N�UR\[HFOPGR\[OPW@=K9 Æ Q�H2N"E�9F8:L

a
S

b
ZRE

n
Z2£PV:O�H�8:L<ZRE�WCO[N{=A\[ECL�^RÓYLIURN"O[N"8AL

G68:9¶LFOPN�GR\[OPWCO[ZD=AZ� ¢URE
n
ECLYGR=A9C^Mwx\+N"��H�85ZR8� ¢URE�E�LIHJ=KN"8:L¶W�8:QRLFO[ZREC9F=AQRZR8"ZRECLIWC8:N�G68:QRE

a
S

b
´

a = 10n/2w + x
S

b = 10n/2y + z
^RÏ+U2ECV:8RB

a ∗ b = 10nwy + 10n/2(wz + xy) + xz
^DwxL
ZRE�WCO[9CB

GD=A9F=�9IE@=A\[OPµC=A9xURQD=zN�UR\�H�OPG2\POPWC=AWCO[¥:Q�E�Q�H�9FE�Q�HRN"E�9F8:LÕZRE¡\P8:Q2V:O[HFURZ#ZRECW�OPN"=A\
n
LFE�9FE@=K\POPµC=AQ�Ê�N�UR\��

H�O[GR\PO[W@=AW�OP8:Q2ECLpE�Q¢HF9FE¡Q�HRN"E�9F8:L¯ZRE¡\P8AQRV:O[HFURZ#ZRE�WCOPN"=A\
n/2
B¢=KZRECN"­AL¯ZRE¡Á�LIURN"=AL¯ZRE�Q�HRN�EC9I8:LÕZRE
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\P8AQRV:O[HFURZ�ZRE�WCO[N{=A\
n
S�N�U2\[H�O[GR\PO[W@=AW�OP8:Q2ECL¯G/8A9
G/8KH�ECQ2WCOX=KL<ZRE ¿%Í Bs 5U2E�Q28#LF8:Q�?:E�9FZD=KZREC9F=AL�N�UR\��

H�O[GR\PO[W@=AW�OP8:Q2ECL¡LFOPQ28�LF¥:\[8�ZRECLIGR\X=Kµ@=AN�OPE�Q¢HF8:L#Ð3L � O�;-H�L�Ò � =AW�OX={\P={OPµ� 5U2OPEC9IZD=2B/8�EC ¢URO�?A=K\PECQ�HFECN�ECQ�H�EKB
EC\eLFOPN�GR\[E�=AV:9IECV�=KZR8�ZRE Í

�
L¶=�\X=�Z2EC9FE�W � =2^ �Õ=A\[EYZRE�WCO[9< 5U2EuLFEu9FE�ZRURW�E�E�\�GR9I8:�R\PE�N{=�ZREu9FEC=A\PO[µ@=A9

URQD="N�UR\[HFOPGR\[OPWC=AWCO[¥:Q�ECQ�H�9IE�Q�HRN�EC9F8AL�ZRE�\[8:QRV:O�H�URZ
n
=A\(ZRE�9FE@=K\POPµC=A9¡Ê{N�UR\�H�O[GR\PO[W@=AW�OP8:QRE�L<ECQ�H�9IE

Q�HRN�EC9F8ALpZRE
\[8:QRV:O�H�URZ
n/2
N"­AL4WCOPE�9IH�=ALp8:G6EC9F=AWCO[8:QRECL
Ð>LIURN{=KLCBAL � O[;-HFLJÒ4 ¢URE�LF8:Q�ZRE
8A9FZRE�Q

Θ(n)
^

7v=K9�=�=AQD=A\[OPµ@=K9�ECL¤H�E�=A\PVA8:9FO�H�N�8RB¢WC8:QRLIOPZRE�9�=AN�8:L<\P=�9FECW�UR9F9IECQRW�OX=�9FE�LFUR\�HJ=AQ�H�EK´

t(n) = 4t(n/2) + Θ(n)
¾ 8:N�8

4 > 21 Be9FE�LFUR\�HJ=� ¢URE t(n) ∈ Θ(nlog2 4) = Θ(n2)
^ew¯LzZRE�WCO[9CBeQ28 � ECN�8:L�V�=KQD=AZR8�QD=KZD=

LF8A�R9FEzEC\+=K\PV:8:9IO[HFN"8�8:9FO[V:OPQD=K\ B¢EC\l ¢UREzH�85ZR8:L<U2HFOP\[OPµ@=KN"8:LTECQ�\X=�GR9F­AW�HFOPWC=2^
�sO[Q�E�N��D=A9IV:8RB:��LIHFE�E�LÕ;>­AW�OP\RZ2E¡N�E_²I8A9�=A9�^�Ïl\X=AN�ECN�8:L

p = wy
B
q = xz

S
r = (w+x)(y+z)

^
¾ 8:Q�LF¥:\[8�Á�N�U2\[H�O[GR\PO[W@=AW�OP8:Q2ECL(ECQ�H�9IE�Q�HRN�EC9I8:L¯ZRE�\[8:QRV:O�H�URZ

n/2
Ð>8

n/2+1
ECQ�EC\�HR\[HFOPN�8�W@=KLF8¢Ò

8:�2HFECQRE�N"8AL
p
B
q
S

r
^����RLFE�9I?:E�N"8AL<=AZRE�N{­ALT ¢URE

r
9FE�LFUR\�HJ=�O[V:UD=A\M=

r = wy + wz + xy + xz =
p+wz +xy + q

^57(8:9�E�\P\P82B
a ∗ b = 10np+10n/2(r− p− q)+ q

B�E�L�ZRE�WCOP9�B5Á�N�UR\�H�OPG2\POPWC=AWCO[8:QRE�L
S�?K=A9IOX=AL<LIURN{=KL
S�9FE�LIHJ=KLC^6Ï+=�9IECW�UR9F9IECQRW�OX=�=ALF85WCOP=AZD=#=#ECL¤H�E�=A\PV:8A9FO[HFN"8�ECL�´

t(n) = 3t(n/2) + Θ(n)
¾ 8:N�8 =�H2QÌH�E�QRECN�8:L

3 > 21 BT9IECLIUR\[H�=¦ ¢URE t(n) ∈ Θ(nlog2 3)
^ÕwxLIHF8 ECL

t(n) ∈ O(n1,6)
S

t(n) ∈ Ω(n1,5)
^Kw¯LvZRECW�OP9CB�ECL¤H�E<=K\PV:8:9IO[HFN"8¶ECLvLFOPVAQRO[�DWC=KH�O�?K=AN"E�Q�H�E¯N"E³²I8:9( 5U2E
EC\s 5U2E
U2H�O[\PO[µ@=AN�8:L

ECQ�\X=�G29�­AW�H�OPWC=2^

� r	�xnvh(m�
+tunvd ��nphljlklfMd �_n���r5n�
+npo(f6d�����nprsnvd�nvd�� ����h+fMf � � �
°�QR=�H���WCQRO[W@=YN�UsS�LIECQRW�OP\P\P=¡Z2E
9FE�LF8:\[URWCO[¥:Q�ZRE
G29F8:�R\[ECN"=AL�Ð> ¢UREABK\X=AN�ECQ�H�=A�R\PE�N"E�Q�H�EABgQR8YLFOPE�N��
GR9IE�ZD=�9FE�LFUR\�HJ=AZR8�Ò¶E�LY\X=�ZRE�\P8:L�=A\[V:8:9FO�H�N�8:L�?A8:9�=AW�ECL�^��sE�H�9F=KHJ=�ZRE�=K\PV:8:9IO[HFN"8:LT ¢URE�9IECLFU2EC\[?AECQ
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WC8AQ¢HFECN�GR\X=�OPQ�HFECQ�HJ=A9<HF8sZD=KL¡\P=AL¶WC8:N��ROPQD=KWCOP8AQRECL<G68:LFO[�R\PE�L¶ZRE�N"=AQRE�9�=#ZRE� ¢URE�LIO(U2QD=�LI8:\PU2WCOP¥AQ
E�ÎsO[LIH�E�\X=ÑN"O[LFN"=«LFEC9F­yECQ2WC8:Q�H�9F=AZD=2^ �
=AW � HF9�=AW � OPQ2V WC8:9I9FECLIG/8AQRZRE¬= 9FEC=A\PO[µ@=A9�URQD= � HRLI 5U2ECZD=
ECQÌGR9F8K;3URQRZRO[ZD=AZ©ECQ U2QÌV:9F=K;38 OPN�GR\P£[WCO[HF8R^(wxL"ZRE�WCO[9CB¯URQ©V:9�=K;38  ¢URE�QR8¦E�LIH�­¦GR9IECLFE�Q�H�E¬E�Q EC\
ECQ¢URQ2WCOX=KZR8"Z2EC\lGR9I8:�R\PE�N{=sB2G6EC9F8� ¢UREzGRURE�ZRE�E±ÎsGR\PO[WCO[H�=A9FLIEuLFOlURQ28"\[8#ZRECLIE@="E±ÎsGR9FE�L�=AQRZ28{WCUR­A\PE�L
LF8AQ�E�Q�WC=AZD=�GD=ALF8�\P=AL<ZRO[;3E�9FE�Q¢HFECL¶G68:LFO[�ROP\[OPZD=AZ2ECL
 ¢UREzG68sZR9I£X=AQ�\[\PE�?A=K9 � =AW�OX=#\X=�LI8:\PURW�OP¥:Qe^

� ��-�� K��*5S2 0�� KI2 5M-?9 � "$KI2 � wx\RGR9FO[N"E�9vGR9I8:�R\[ECN"=Y ¢URE¶OPQ�H�E�Q¢H�=A9FE�N"8ALp9FE�LF8:\�?:EC9xUsH�OP\[OPµC=AQRZR8��D=AW � �H�9F=AW � OPQRV�E�L�E�\xZRE�\X=�N�8sW � O[\X=2^ �¶ECWC8A9FZRE�N"8:Lz ¢URE�H�E�QRECN�8:L
n
8:�5²IE�H�8:L�ZRE#?K=A\P8:9

v1, . . . , vn

S
G6ECLF8

w1, . . . , wn

S©URQD=ÑN�8sW � O[\X=«ZRE�W@=AGR=AWCO[ZD=AZ
W
^T�sE� ¢UROPE�9FE�8:�2HFECQRE�9{EC\¶N"­�ÎsOPN�8¬?K=A\P8:9

G68:LFO[�R\PE�LIOPQ�E�ÎsWCE�ZREC9¡\X=�WC=AGD=AW�OPZD=KZ�ZREz\P=�N"85W � OP\P=2^
°�QR=�N{=AQ2EC9�=�Z2E"=KQD=A\PO[µ@=A9¡ECL¤H�E�GR9I8:�R\PE�N{="ECLzG/E�QRL�=KQRZR8� ¢URE�ECQÑEC\pGR=ALF8

i
LFE�ZRE�WCO[ZRE#LFOpLIE

OPQ2WC8:9IG/8:9F=�8�QR8"E�\l8:�5²IE�H�8
i
^DwvÎsGR\PO[WCO�HJ=AQRZ28#EC\lV:9F=K;38RB2HFECQRZR9I£X=AN�8:L

N = {p ∈ {0, 1}∗ | |p| ≤ n ∧ w(p) ≤ W}

w([x1, . . . , xk]) =
∑k

i=1 xi ∗ wi

∀p, q ∈ N.(p → q ⇐⇒ ∃b ∈ {0, 1}.q = p C b)
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Ïl8:L
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L�S ¿

�
LC^Dwx\/QR8sZ28

[0, 0, 1, 1]
WC8A9F9FE�LFG68:QRZREz=K\eW@=KLF8#ECQ� ¢UREKBRZRE

\P8ALYGR9IOPN�EC9F8AL�Ê�8:�5²IE�H�8:L�BeLFE � =�Z2ECWCO[ZROPZ28�V:UD=A9IZD=A9�E�Q«\X={N�85W � OP\P="LF8A\X=AN�ECQ�H�E�EC\4HFEC9IWCEC9I8�S¬EC\
WCUR=A9IHF8R^lÏl8:LuZRE�N{­ALu8A�5²IE�HF8:LCBlZRE�LFZRE�EC\v 5U2OPQ�H�8�=A\

n
�³��LFOPN�8RBe=�HRQÑQR8 � =AQÑLFO[ZR8�WC8AQRLFO[ZREC9F=AZR8:L�^

°�QR=�=K9FOPL¤HJ=�Z2E
p
=

q
WC8AQRLFO[LIH�EuE�Q�H�8:N"=A9�U2QD=#ZRECW�OPLFO[¥:Q Ð Í ¥ ¿ Ò�9FECLIG/E�W�HF8"=K\�LFO[V:UROPE�Q�H�E�8:�¢²IE�H�82^

®YE
[0, 0, 1, 1]

LF¥:\[8 � =@S�ZR8:L¡=A9IOPLIH�=ALC´2URQD=�=
[0, 0, 1, 1, 0]

S�8AHF9�=�=
[0, 0, 1, 1, 1]

^
wxQ�E�\(=A\PV:8A9FO[HFN"8�ECLIHFE�VA9�=K;38�LF¥A\P8�ECL¡OPN�GR\P£[WCO[HF8R^5wx\(LIOPV:U2OPECQ�HFE�=K\PV:8:9IO[HFN"8�ZRE�HFEC9FN�OPQR=�E�\lN{­��
ÎsOPN�8�?K=A\P8:9
=A\PWC=AQRµ@=K�R\PEuLIOPQ�E�ÎsWCE�ZREC9¡EC\lG6ECLI8"UsH�OP\[OPµC=AQRZR8��R=AW � H�9�=KW � O[QRVR´
�³�(| N"85W � O[\X=DÐ-?/´ �R~g~g����� ¿ ^[^`Q�� ��� ?K=A\P8:9�B�=z´ �R~g~������ ¿ ^�^ Q
� ��� G6ECLF82BK²�´DG/E�LF8RBDO¸´ �>|/} Ò ~g��} 9�´2?K=A\P8A9

�%WC=A\PW�UR\X=�EC\lN"­�ÎsOPN�8�?A=K\P8:9<=K\PW@=KQRµ@=A�2\PE�W�8:Q�\[8:L<8:�5²IE�H�8:L¶O¸B�^C^�^CBDQ�LFOPQ�E±Î2W�ECZRE�9YE�\�G/E�LF8�² �
� � O

>
Q }QP+�5| 9C´< Í

�5�>�C��� � = � OI� �v² }QP+�5| 9C´< $N�8sW � OP\X=RÐ3?6B =zB ²�B`O$> ¿ Ò
�5�>�C� 9�´! 

máx
Ð>N�8sW � O[\X=DÐ-?6B =zB ²�B O > ¿ Ò�B ? � OI�$>�N�8sW � O[\X=DÐ-?6B =zB ²_�C= � O��¸B O�> ¿ ÒFÒ

¹
¹

�5|4�
Ï+=�;3URQRWCO[¥:Q�GR9FO[QRWCO[GD=A\/LFOPN�GR\[ECN�ECQ�H�Eu\[\X=AN"=�=#\X=�=AQ�HFEC9FO[8:9
W�8:Q#²<OPV:UR=A\�=

W
EzOlO[V:UD=A\e= ¿ ^

�YH�9F=�G68:LFO[�ROP\[OPZD=KZ# 5U2E�ZD=�\PURV:=A9Õ=�URQ{V:9�=K;38zO[N"GR\[£PW�O[H�8YN{­AL¯G6EC ¢URE �R8�ECLTG/E�QRL�=K9� ¢URE�=�W@=KZD=
GD=ALI8#LFEuZRE�WCO[ZREuOPQRW�8:9FG68:9F=A9TW�UD=A\[ 5U2OPEC9�8:�5²IE�HF8�Ð> ¢UREuQR8#LIURG6EC9FEuE�\�G6ECLF8#9IECL¤HJ=AQ�H�E@Ò�^Mwx\eVA9�=K;38�LIE
GRURE�ZRE�E�ÎsGR\PO[WCO�HJ=A9TWC8:N�8�LFOPVAURE

N = {p ⊆ {1, . . . , n} | |p| ≤ n ∧ w(p) ≤ W}
w(p) =

∑

k∈p wk

∀p, q ∈ N.(p → q ⇐⇒ ∃b ∈ {1, . . . , n}.q = p C b ∧ ∀k ∈ p.k < b)
Ïl8:L�Q28sZR8AL�LF8AQ�= � 8:9F=�WC8AQ�²IURQ�H�8:L�ZRE�8:�5²IE�H�8:L�^ ¾ =KZD=�URQR8�W�8:9F9IECLIG/8:Q2ZREu=A\6W@=ALI8�ECQ� ¢UREYZROPW � 8AL
8:�5²IE�H�8:L � =%S:=AQ©LFOPZ28«V:UD=A9IZD=AZR8:L#E�Q¨\X=¬N�8sW � O[\X=2^(74=A9�=«QR8ÑWC8AQRLFO[ZREC9F=A9�N"­AL�ZRE�URQD=¬?AECµ�\P8:L
N�OPLFN�8:L�WC=ALF8ALCBÕLF¥:\[8 LIE�G2URECZRE�Qª=AVA9FECV:=A9�8:�5²IE�HF8:L�G/8:L¤H�E�9FOP8A9FECL�=«\P8AL� ¢URE�S�= LFE�=AV:9IECV�=A9I8:Q�^
wxLIHF8{LFE�9FE�ÉDE_²F=�ECQ�\X=#WC8AQRZROPW�OP¥:Q

∀k ∈ p.k < b
 ¢URE�ZRO[WCE�²IURLIH�=AN�ECQ�H�E� ¢URE�E�\+8:�5²IE�HF8

b
 ¢URE�LFE

=AV:9IECV�=#E�L¡G68:L¤H�EC9IOP8:9¶=�HF8sZR8AL<\P8:L< ¢UREzS�=�ECL¤HJ=A�D=KQ�^
Ô�U2E�?K=AN�ECQ�H�EzECL¤H�E�V:9�=�;38#ZD=�\[URV�=A9
=�U2Q�=A\[V:8:9IO[H�N�8� ¢UREzU2HFOP\[OPµ@=��D=AW � H�9F=AW � OPQRVR´

�³�(| N"85W � O[\X=DÐ-?/´ �R~g~g����� ¿ ^[^`Q�� ��� ?K=A\P8:9�B�=z´ �R~g~������ ¿ ^�^ Q
� ��� G6ECLF82BK²�´DG/E�LF8RBDO¸´ �>|/} Ò ~g��} 9�´2?K=A\P8A9
�%WC=A\PW�UR\X=�EC\lN"­�ÎsOPN�8�?A=K\P8:9<=K\PW@=KQRµ@=A�2\PE�W�8:Q�\[8:L<8:�5²IE�H�8:L¶O¸B�^C^�^CBDQ�LFOPQ�E±Î2W�ECZRE�9YE�\�G/E�LF8�² �
9�´! Í
� �M~ � ´<  O }%� Q �+�
�O� = � � �

≤
² }QP+�5| 9C´< 

máx
Ð>9�B`? � � � >�N"85W � O[\X=DÐ-?/B =zB ²_�C= � � �¸B � > ¿ ÒIÒ ¹

�l�
�5|4�
¾ 8:N�8#ECQ�EC\lWC=ALF8"=AQ�H�E�9FOP8A9CBR\P=�;3URQRWCO[¥:Q�GR9FO[QRWCO[GD=A\�E�L

�³�(| N"85W � O[\X= �¶GRGD=K\³Ð3?6´ �R~g~g�¢� � ¿ ^�^`Q�� ��� ?K=A\P8:9�B�=z´ �R~g~������ ¿ ^�^ Q
� ��� G6ECLF82B���´DG/E�LF8¢Ò ~g��} 9�´R?K=A\P8:9
�@W@=A\[WCUR\P=�EC\lN"­�ÎsOPN�8�?K=A\P8:9
=A\PWC=AQRµ@=K�R\PE�W�8:Q�H�85ZR8:L<\P8AL<8:�5²IE�HF8:L¶LFO[Q�E±Î2W�ECZRE�9�E�\lG/E�LF8 � �
9�´! �N"85W � OP\P=DÐ3?6B =zB ��B ¿ Ò

�5|4�

� 9 � - ���*"$#�2/'�� �YHF9F8<GR9I8:�R\PE�N{=
O[Q�H�EC9IECLF=AQ�H�ExGD=A9F=<9FECLI8:\[?AEC9lURLF=AQRZR8¶\P=�H��CW�QROPWC=<ZREC\:�R=AW � H�9�=KW � O[QRVECLzE�\xZRE�W@=A\[WCUR\P=A9YE�\xQ�H2N"E�9F8�ZRE�N{=KQREC9F=ALuZRO[;3E�9FE�Q¢HFECLzZRE�UR�RO[W@=A9zË�9IECOPQR=AL�Ð>8�ZD=AN"=AL�ÒYECQ URQ
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HJ=K�R\PE�9F8�Z2E�=g²IE�ZR9FE�µYZRE�N{=AQ2EC9�=�ZREY ¢UREYQROPQRVAURQD=�Z2EYEC\[\X=ALÕ=AN�ECQR=AWCEY=�QRO[QRV:URQD=�ZREY\P=ALÕZRECN"­ALC^
�¶ECWC8A9FZRE�N"8:Lz ¢URE�URQD=�9FE�OPQD=�=AN�ECQD=AµC=�H�85ZD=ALz\X=ALuWC=ALFO[\P\P=AL� ¢URE�LFE�ECQRW�URECQ�H�9F=AQ E�Q¦\P=�N�OPLIN{=
�D\P=2BDWC8:\[URN�QD=#8{ZROP=AV:8:QD=K\� ¢URE�E�\P\X=s^RÓ�ECLFWC=A\X=�N{­KL¡G6EC ¢URE �D={GRU2ECZRE�;38:9FN�U2\X=A9ILFEuEC\(GR9I8:�R\PE�N{=
WC8AQ"Êz9FE�OPQD=KLxECQ�URQ#HJ=A�R\[EC9I8uZRE¶Êz�R\X=ALxG68:9xÊzWC8:\[URN�QD=ALC^:Ô�8zECL¯ZRO�;3£PWCO[\sE�QRWC8AQ¢HF9�=A9¯URQR=zLI8:\PU2WCOP¥AQ
=A\�G29F8:�R\[ECN"=�N{=KQ5UR=A\PN�ECQ�H�EK^

7x9FO[N"E�9lOPQ�H�E�Q¢HF8R^DÏl8¡GR9FO[N"E�9F8¶ ¢URETG685ZR9F£P=AN"8AL � =AW�EC9(ECL(9FE�?sO[L�=A9lHF8sZD=KLl\X=AL+N"=AQREC9F=ALlG68:LFO[�R\PE�L(Z2E
UR�RO[W@=A9vË�9FE�OPQD=AL4ECQ#URQ�H�=A�R\[EC9F8YZRE<=g²IE�ZR9FE�µ
S�W�8:Q�H�9F8A\X=A94GD=A9�=�W@=AZD=�U2QD=�ZRE
E�L�=ALxZRO[LIHF9FOP�2URWCO[8:QRECL
LFO � =@S U2QD= 9FE�OPQD=y ¢URE¬=KHJ=A ¢URE¬= 8AH�9F=2^�74=A9�=¦UR�ROPWC=A9{\P=yGR9IOPN�EC9�9FECO[QD=¦HFECQRE�N"8:L � Ê WCE�\PZD=KL
G68:LFO[�R\PE�LCBpGD=K9�=¬\X=¬LIECV:U2QRZD= � Á2BvE�H�WA^Õ�5O<LF8:N�8:L#URQ¨G68sW�8 N"­AL#W�UROPZD=KZR8:LF8AL#G/85ZRECN�8:L#E�?sO�HJ=A9
G6EC9FN�U2HJ=AW�OP8:Q2ECLuÐ3ZD=�\[8�N�OPLIN"8�LFO6\X=�9FECO[QD=� ¢UREYECLIH�­�ECQ�U2QD=�WCE�\PZD=z;3URE�\P=�GR9IOPN�EC9F=�8�\P=� ¢URO[Q¢H�=
 ¢UREz=AW�8:N"85ZD=AN�8:L�Ò�^s7v=A9F=�EC\P\[8�W@=KZD=�9FE�OPQD=�LIEC9�­�U2�ROPWC=AZD=�ECQ�WC=ALFO[\P\X=KLTG68:LIHFEC9IOP8:9IECL¶=�\X=KL�9FE�OPQD=KL
 ¢UREzS�=�LFEzUR�RO[W@=A9I8:Q�^DwxLIHF8"ZR=�\[URV�=A9¶=K\l=A\PVA8:9FO�H�N�8
�³�(| 8sW � 8��¶9FECO[QD=AL�� ¿ Ð Ò ~g��} 9�´ �>|/}

�@W@=A\[WCUR\P=�EC\lQ�HRN�EC9F8�ZREzN"=AQRE�9�=AL<ZREzUR�2OPW@=K9¶Ë�9IECOPQR=AL<LFO[Q� ¢URE�LFE�=AN�ECQR=AWCE�Q �
¼2�R~ LI8:\ ´ �>�>��}������>|/}
9�´! Í
� �M~ O ¿ ´< ¿ }%� Ä � �(�

� �M~ O Æ ´< �O ¿ > ¿ }%� ÄAË �(�
� �M~ OPÁ2´! �O Æ > ¿ }%� Ä�� �(�

� �M~ O[ÊR´< �OPÁ3> ¿ }%� �:Í �+�
� �6~ O-Äs´< $O[Ê�> ¿ }%� �s¿ �+�

� �M~ O � ´! �O-Ä�> ¿ }%� ��Æ �(�
� �M~ O � ´! �O � > ¿ }@� � Á �+�

� �M~ OXË2´< �O � > ¿ }%� � Ê �+�
LF8:\¸´! � O ¿ B O Æ B`OXÁ2B`OPÊRB`O-Ä5B O � B O � B`OXËQ�
�O� LF8A\PURW�OP8:Q � ¿ Ð3LF8:\XÒ }QP+�5| 9C´< $9�> ¿ ¹

�l�
�l�

�l�
���

�l�
�l�

�l�
�l�

�5|4�
ZR8:Q2ZREz=ALFU2N"O[N"8:L� 5U2EuLF8:\[URWCO[8:Q � ¿ LFEuE�QRW@=A9IV�=#ZREu?:E�9FO[�RW@=A9<LIO�\X=�\[OPLIH�=�WC8AQ�\P=AL
G68:LFO[WCO[8:QRECL<Z2E
\X=KL¶Ë�9IECO[QD=AL<ECL¡8�QR8�URQD=�LF8:\[URWCO[¥:Q�^
7v=K9�=¦\P= G29FOPN�EC9F= 9IECO[QD= � =@S Ä � G/8:LIOP�RO[\PO[ZD=AZRE�L#ECQ ?AECµ�Z2E � Ê S�=y ¢URE�ZREC�6E¬ZRE³²F=A9"W�8:N�8
N�£PQRO[N"8 � WC=ALFO[\P\P=AL
\PO[�R9FE�L¶=A\e�DQR=A\lGD=A9F=�\P=AL<LFO[V:URO[ECQ�H�E�L � 9IECOPQR=ALC^
7v=K9�= � =AW�EC9¶E�ÎsGR\[£PWCO�H�8#E�\lV:9�=K;38#HF8:N{=KN"8:L

N = {[p1, p2, . . . , pn] ∈ {1, . . . , 64}∗ | n ≤ 8 ∧ p1 < p2 < . . . < pn ≤ 56 + n}
∀p, q ∈ N.(p → q ⇐⇒ ∃b ∈ {1, . . . , 64}.q = p C b)
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�sE�V:URQRZR8�OPQ�H�E�Q�H�8R^M�5OÕ�2OPECQ«S:=�H�E�QRECN�8:LzURQD=�LF8:\[URWCO[¥:Q�B�E�?5OPZRE�Q¢HFECN�ECQ�H�E�\X=�N�OPLIN{=�W�8:QRLFO[ZREC9F=
ZRE�N{=ALIOX=AZR=AL
G68:LFO[�ROP\[OPZD=AZ2ECLÕ 5U2E�;>­AWCO[\PN�ECQ�H�E�G/85ZR9F£P=AQ�ZRE�LFWC=A9IH�=A9FLIEA^6748:9�E_²IECN�GR\[8RB2LIO�\X=�G29FOPN�EC9
9FE�OPQD=�S#\P=�LFE�V:URQRZD=zLFE¡WC8A\P85W@=AQ#E�Q"\P=�N"O[LFN"=��D\X=sB:QR8zOPN�G/8A9IHJ=�Z28:QRZRE¶LFE¶W�8:\P85 ¢URECQ�\X=KLxZRECN"­ALCB
QR8Ñ8:�2HFECQRZ29FECN�8:L�URQD=ÑLF8A\PURW�OP¥:Q�^p�sOPQ¨E�N��D=A9IV:8ÑEC\¶=A\[V:8:9FO�H�N�8�=KQ¢HFEC9IOP8:9#W�8:QRLFO[ZREC9F=¬H�85ZD=AL�\X=AL
Ð>N�URW � £PLIOPN"=ALJÒ¯;38:9FN"=AL<G68:LFO[�R\PE�L
ZREzWC8:\[8sWC=A9<\X=KL
9FE�LIHJ=KQ¢HFECL � 9IECO[QD=ALC^
Ó WC8:Q�HFOPQ¢UD=AW�OP¥:Q GR9FE�LFE�Q¢H�=AN�8:L�URQ =A\[V:8:9FO�H�N�8 N�E_²I8:9�B< 5U2EyWC8AQRLFO[ZREC9F=©LI¥:\P8©\X=AL�ZRO[LIHFOPQ�HJ=AL
N"=AQREC9F=AL�Z2E�WC8:\[8sWC=A9�Ë�9FE�OPQD=AL�ECQy�R\X=AL�ZRO[;3E�9FECQ�HFECLCB4WC8:Q2ZROPW�OP¥:Q Q2ECWCE�L�=A9IOX=�GR=A9�=�8A�2H�E�QREC9�U2QD=
LF8A\PURW�OP¥:Q�^:Ï(=zGR9IOPN�EC9x9FE�OPQD=zOP9F­z=�\P=zG29FOPN�EC9p�R\X=2B�\P=zLIECV:U2QRZD=�9IECO[QD=�=z\X=uLIECV:URQ2ZD=��D\P=2B�E�HFWA^5748A9
EC\[\P8RB2GD=A9�=�W@=KZD="9IECOPQR=�LIE�ZRE�H�EC9IN"O[QD=#LF¥:\[8"U2Q�Q�HRN�EC9F8"ECQ�H�9IE ¿ S�Ë2BMEC\+ZRE�\X=�WC8:\[URN�QD=# 5U2E�\PE
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